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Preface

We present a unified approach to various sharp pointwise inequalities for ana-
lytic functions in a disk with the real part of the function on the circumference
as the right-hand side. We refer to these inequalities as “real-part theorems”
in reference to the first assertion of such a kind, the celebrated Hadamard’s
real-part theorem (1892). The inequalities in question are frequently used in
the theory of entire functions and in the analytic number theory.

We hope that collecting these inequalities in one place, as well as generaliz-
ing and refining them, may prove useful for various applications. In particular,
one can anticipate rich opportunities to extend these inequalities to analytic
functions of several complex variables and solutions of partial differential equa-
tions.

The text contains revisions and extensions of recent publications of the
authors [56]-[58] and some new material as well. The research of G. Kresin
was supported by the KAMEA program of the Ministry of Absorption, State of
Israel, and by the College of Judea and Samaria, Ariel. The work of V. Maz’ya
was supported by the Liverpool University and the Ohio State University. The
authors record their thanks to these institutions.

We are most grateful to Lev Aizenberg and Dmitry Khavinson for inter-
esting comments and enhancing our knowledge of the history of the topic.

Ariel, Israel Gershon Kresin
Columbus, USA Viadimir Maz’ya

May, 2006
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Introduction

Estimates for analytic functions and their derivatives play an important role
in complex analysis and its applications. Among these estimates which enjoy
a great variety, there are the following two closely related classes having a
wide range of applications.

The estimates of the first class contain only modulus of the analytic
function in the majorant part of an inequality. In particular, they em-
brace Cauchy’s inequalities, maximum modulus principle, Schwarz lemma,
Hadamard three circles theorem (see, for example, Titchmarsh [87], Ch. 2,
5), Bohr’s theorem [18], estimates for derivatives due to Landau, Lindelof, F.
Wiener (see Jensen [51]), Makintyre and Rogosinski [69], Rajagopal [79, 80],
Szdsz [86]. In addition to that, the first class embraces estimates of Schwarz-
Pick type for derivatives of arbitrary order obtained by Anderson and Rovnyak
[11], Avkhadiev and Wirths [12], Bénéteau, Dahlner and Khavinson [13], Mac-
Cluer, Stroethoff and Zhao [66, 67], Ruscheweyh [83]. Among other known
estimates of the same nature are generalizations to analytic operator-valued
functions of a Schwarz-Pick type inequality for derivatives of arbitrary order
by Anderson and Rovnyak [11] and Carathéodory’s inequality for the first
derivative by Yang [90, 91].

During last years the so called Bohr’s inequality attracted a lot of atten-
tion. A refined form of Bohr’s result [18], as stated by M. Riesz, I. Schur, F.
Wiener (see Landau [62], K. I, § 4), claims that any function

f2) =) caz", (1)
n=0
analytic and bounded in the disk D = {z € C : |z| < R}, obeys the inequality

Z |ann‘ < sup |f(<)|v (2)
n=0

ICI<r

where |z| < R/3. Moreover, the value R/3 of the radius cannot be improved.
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Multi-dimensional analogues and other generalizations of Bohr’s theorem
are treated in the papers by Aizenberg [1, 2, 9], Aizenberg, Aytuna and Djakov
[3, 4], Aizenberg and Tarkhanov [5], Aizenberg, Liflyand and Vidras [7], Aizen-
berg and Vidras [8], Boas and Khavinson [15], Boas [16], Defant, Garcia and
Maestre [30], Dineen and Timoney [32, 33], Djakov and Ramanujan [35],
Kaptanoglu [52].

Various interesting recent results related to Bohr’s inequalities were
obtained by Aizenberg, Grossman and Korobeinik [6], Bénéteau and Koren-
blum [14], Bénéteau, Dahlner and Khavinson [13], Bombieri and Bourgain
[20], Guadarrama [43], Defant and Frerick [31].

Certain problems of functional analysis connected with Bohr’s theorem
are examined by Defant, Garcia and Maestre [29], Dixon [34], Glazman and
Ljubic [40], Nikolski [72], Paulsen, Popescu and Singh [73], Paulsen and Singh
[74].

In estimates of the second class the majorant involves the real part of
the analytic function. Among these inequalities are the Hadamard-Borel-
Carathéodory inequality for analytic functions in Dr with Rf bounded from
above

1f(2) = F(O)] < sup R{f(¢) — f(0)}, (3)

T KI<r
frequently called the Borel-Carathéodory inequality, and the Carathéodory-
Plemelj inequality for analytic functions in Dg with bounded R f

37(:) - 37001 < 2w () 17 - 101} 0

(see, for example, Burckel [23], Ch. 5, 6 and references there), where |z| = r <
R. The same class includes Carathéodory’s inequality for derivatives at the
center of a disk [24], M. Riesz’ theorem on conjugate harmonic functions [81]
and many other estimates (see, for example, Jensen [51], Koebe [53], Lindelof
[64], Rajagopal [78], Ruscheweyh [82], Yamashita [89]). The sharp constant in
M. Riesz inequality for analytic functions in the half-plane was obtained by
Gohberg and Krupnik [41], Pichorides [75] and Cole (see Gamelin [37]). Note
that sharp constants in parametric M. Riesz inequalities for analytic functions
in the half-plane and in the disk were found in the paper of Hollenbeck,
Kalton and Verbitsky [48], where a wide range of questions relating Fourier
and Hilbert transforms was treated.

We note that different sources give different formulations of inequalities
containing the real part as a majorant. In fact, Cartwright ([27], Ch. 1),
Holland ([47], Ch. 3), Levin ([63], Lect. 2), Titchmarsh ([87], Ch. 5) formulate
the Hadamard-Borel-Carathéodory inequality for functions which are analytic
in Dg. Unlike them, in the books by Burckel ([23], Ch. 6), Ingham ([50], Ch.
3), Littlewood ([65], Ch. 1) and Polya and Szeg6 ([76], III, Ch. 6) the same
estimate is derived for functions which are analytic in Dr and have the real
part bounded from above.
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The Hadamard-Borel-Carathéodory inequality is used in an essential fash-
ion in the theory of entire functions (see, e.g. the books Boas [17], Ch. 1 and
Holland [47], Ch. 4). In particular, this inequality and its variants are applied
for factorization of entire functions (see Hadamard [44]), in the proof of the
Little Picard theorem (see Borel [21], Zalcman [92]) and in approximation of
entire functions (see Elkins [36]).

The Hadamard-Borel-Carathéodory inequality is of use also in the analytic
number theory (see Ingham [50], Ch. 3) and in mathematical physics (see
Maharana [68]).

During the last years, generalizations of the Hadamard real-part theorem
(the first form of the Hadamard-Borel-Carathéodory inequality) for holomor-
phic functions in domains on a complex manifold (see Aizenberg, Aytuna
and Djakov [3]), the Carathéodory inequality for derivatives (see Aizenberg
[9]) in several complex variables, and an extension of the Hadamard-Borel-
Carathéodory inequality for analytic multifunctions (see Chen [28]) appeared.

The estimates in one of the classes mentioned above have their analogues
in the other class. For example, this relates Bohr’s theorem as well as its
analogues containing the real part (see Aizenberg, Aytuna and Djakov [3],
Paulsen, Popescu and Singh [73], Sidon [85], Tomié [88]).

Sharp pointwise estimates, being a classical object of analysis, occupy a
special place in analytic function theory. In a way, they provide the best
description of the pointwise behaviour of analytic functions from a given space.

The subject matter of this book is sharp pointwise estimates for analytic
functions and their derivatives in a disk in terms of the real part of the function
on the boundary circle. We consider various inequalities of this type from one
point of view which reveals their intimate relations.

All inequalities with sharp constants to be obtained result from the analy-
sis of Schwarz integral representation

1 C+ =z
2rR [¢|=R C—Z

Rf(Oldd],

where |z| < R. The sharp estimates for the increment of an analytic function
are written in a parametric form, where the role of the parameter is played
by an arbitrary real valued function a(z) in Dp.

The book contains seven chapters.

In Chapter 1 we obtain sharp estimate for analytic functions in D with
Rf bounded from above

2r(R — rcosa(z)) sup §R{f(§) - f(O)}, (5)

R? —r? CI<R

R{“C)(f(2) - £(0))} <

where r = |z| < R, and « is a real valued function on Dg. This estimate
implies various forms of the Hadamard-Borel-Carathéodory inequality and
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some other similar inequalities. The sharpness of inequality (5) is proved with
the help of a parameter dependent family of test functions, each of them being
analytic in Dpg.

Chapter 2 deals with a sharp estimate of |R{e’*(*)(f(z) — f£(0))}| by the
Ly-norm of Rf —Rf(0) on the circle (| = R, where |z| < R,1 < p < oo, and
« is a real valued function on Dg. In particular, we give explicit formulas for
sharp constants in inequalities for [R{e’*(®)(f(2) — £(0))}| with p = 1,2, cc.
We find also the sharp constant in the upper estimate of |3 f(2z) — Sf(0)] by
[1Rf —Rf0)]|p for 1 < p < oo which generalizes the classical Carathéodory-
Plemelj estimate (4) with p = co. The evaluation of sharp constants is reduced
to finding the minimum value of integrals depending on a real parameter
entering the integrand.

In Chapter 3 we give sharp estimates of [R{e’*(*)(f(2) — £(0))}| by the
L,-norm of Rf — ¢ on the circle |(| = R, where |z| < R,1 <p < o0, and « is
a real valued function on Dg. Here c is a real constant. More specifically, we
obtain similar sharp estimates formulated in terms of the best approximation
of Rf by a real constant on the circle |(| = R. As corollaries, we give explicit
formulas for sharp constants in inequalities for |[R{e’**)(f(z) — £(0))}| with
p = 1,2, 00. In particular, an estimate containing ||Rf — ¢||; in the right-hand
side implies

2r(R + r|cos a(z)]) sup R{f(¢) — f(0)},

R? —1r? CI<R

[R{e™(2)(f(2) = f(0))}] <

which contains Hadamard-Borel-Carathéodory inequality (3) and similar esti-
mates for the real and imaginary parts.

Other corollaries of the main results in Chapters 2 and 3 are estimates for
|log | f(2)]|,]z| < R, by the L,-norm of log|f| on the circle || = R, where f
is an analytic zero-free function in Dg. The results of Chapters 1-3 also imply
sharp inequalities for |f’(z)| with various characteristics of the real part of f
on the disk in the right-hand side.

Using previous results, in Chapter 4 we obtain sharp estimates for direc-
tional derivatives (in particular, for the modulus of the gradient) of a harmonic
function in and outside the disk Dg, and in the half-plane. Here the majo-
rants contain either characteristics of a harmonic function (interior estimates
for derivatives), or characteristics of its directional derivative. In the last case
we differ between estimates with a fixed and with a varying direction. In
particular, using an estimate for |f’(z)| inside of the disk Dg, obtained in
Chapter 3, we derive a refined inequality (see, for comparison, Protter and
Weinberger, [77], Ch. 2, Sect. 13) for the gradient of a harmonic function
inside of the bounded domain.

In Chapter 5 we find estimates with the best constants of |f(™(z)| for
n > 1 by the Ly,-norm of R{f — P,,} on the circle || = R, where P, is a
polynomial of degree m <n—1, |2] < R,1 < p < oo. For z = 0 explicit sharp
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constants are found for all p € [1, 00]. In particular, from the above mentioned
sharp estimates for |f(")(z)| with p = 1, we derive inequalities analogous to
the Hadamard real-part theorem, as well as to the Carathéodory and Landau
inequalities. Sharp inequality for |f(")(z)| similar to Hadamard’s real-part
theorem is known (see, for example, Ingham [50], Ch. 3 and Rajagopal [78]).
Unlike the approach used in these works, the method developed in Chapter
5 yields sharp estimates for the modulus of derivative formulated in terms of
L,-characteristics of the real part. The last section contains sharp parametric
inequalities for |f(™(2)].

In Chapter 6 we show that given a function (1) with Rf in the Hardy
space hi(Dg) of harmonic functions on Dp, the inequality

o) 1/q .
n\q T
{;Cﬂz | } = WRm(Rq,Tq)l/q ||§Rf”1

holds with the sharp constant, where r = |z| < R, m > 1, ¢ € (0,00]. This
estimate implies sharp inequalities for the I,-norm (quasi-norm for 0 < ¢ <
1) of the Taylor series remainder for bounded analytic functions, analytic
functions with bounded R f, analytic functions with R f bounded from above,
as well as for analytic functions with R f > 0. Each of these estimates, specified
for ¢ = 1 and m = 1, improves a certain sharp Hadamard-Borel-Carathéodory
type inequality. As corollaries, we obtain some sharp Bohr’s type modulus
and real part inequalities. Besides, we derive sharp Bohr’s type estimates and
theorems for non-concentric circles.

Chapter 7 is devoted to sharp estimates of |f(™ (z) — f(™(0)| for n > 0 by
the Ly-norm of R{f — P,, } on the circle |(| = R, where P,, is a polynomial
of degree m < n, |z|] < R,1 < p < oo. In particular, from the estimate
for |f(™(2) — f(™(0)| by the value ||R{f — P,.}||1 in the right-hand side we
obtain sharp estimates for the increment of derivatives of the type similar to
Hadamard-Borel-Carathéodory, Carathéodory and Landau inequalities.

The sharpness of estimates for derivatives, similar to the Hadamard-Borel-
Carathéodory, the Carathéodory and the Landau inequalities is proved in
Chapters 5 and 7 using a family of test functions, analytic in Dg. Besides, in
these chapters, sharp pointwise estimates for the modulus of the derivatives
and their increments are formulated in terms of the best approximation of the
real part of f by the real part of polynomials Py, in the norm of L,(0Dg). In
particular, for p = 2 the best constants are given in an explicit form.

The index and list of symbols are given at the end of the book.
The reader we have in mind should be familiar with the basics in complex
function theory. The references are limited to works mentioned in the text.



1

Estimates for analytic functions bounded
with respect to their real part

1.1 Introduction

Hadamard’s real-part theorem is the following inequality

£ < s max RAQ). (1.11)

where |z| = r < R and f is an analytic function on the closure Dy of the disk
Dr = {z:|z| < R} and vanishing at z = 0. This inequality was first obtained
by Hadamard with C' = 4 in 1892 [44].

A more general estimate for |f(z)| with f(0) # 0 was obtained by Borel
[21] and applied in his proof of Picard’s theorem independent of modular
functions. The inequality

R+r

[f(2)] < ISFO)] + H— RSO |+7maxﬂ?f(c)

T [CI=R

was found by Carathéodory (see Landau [60], pp. 275-277, [61], pp. 191-194).
A detailed historic survey on these and other fundamental inequalities for
analytic functions can be found in the paper by Jensen [51].

The following generalization of the real-part theorem with C' = 2 resulting

from (1.1.1) after replacing f(z) by f(z) — f(0),

£ = 0)] £ o max R{F(O) - FO)}, (112)
and its corollary
£ < FrlFO) + o max RFC), (113)

are often called the Borel-Carathéodory inequalities.
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Sometimes, (1.1.2) and (1.1.3), as well as the related inequality for R f

Rf(z) < 2T

“ R+r RF0)+

R e RAO, (1.1.4)

are called Hadamard-Borel-Carathéodory inequalities (see, e.g., Burckel [23],
Ch. 6 and references there).

In this chapter we obtain sharp estimates for

R{e ) (f(2) — £(0))}

by the upper (or lower) bound of Rf on the disk Dg, where « is an arbitrary
real valued function on Dg.

In Section 1.2 we give three known proofs of the real-part theorem: based
on a conformal representation and the Schwarz lemma, on the Schwarz integral
representation, and on a series expansion.

Section 1.3 is auxiliary. Using a lemma proved in Section 1.3, in Section
1.4 we derive the following sharp pointwise estimate

RO (1) — p(o))) < 2 Teonalz)

max R{f(¢) — f(0)}, (1.1.5)

[CI=R

where f is analytic in Dy and |z| =r < R.

The lower estimate for the constant in (1.1.5) is obtained with the help of
a family of test functions which are analytic in Dg. As a corollary of (1.1.5)
we obtain the inequality with the same sharp constant for analytic functions

fin D with £f bounded from above

RO (1 (2) - (0))) < 2 Treosalz)

sup R{f(¢)— f(0)}. (1.1.6)

ICI<R

Sections 1.5-1.7 contain various corollaries of estimate (1.1.6). Among
them, there are Hadamard-Borel-Carathéodory inequalities for the modulus
as well as for the real and imaginary part of an analytic function, Harnack
inequalities, and analogues of (1.1.6) for R{e’**)(f(2) — f(£))} in the case of
a disk and the half-plane.

1.2 Different proofs of the real-part theorem

Proofs of (1.1.1) with C' = 2 or (1.1.3) are given in Borel [22], Burckel ([23],
Ch. 6), Cartwright ([27], Ch. 1), Holland [47], Ingham ([50], Ch. 3), Jensen
[51], Levin ([63], L. 11), Lindelof [64], Littlewood ([65], Ch. 1), Maz’ya and
Shaposhnikova ([70], Ch. 9), Polya and Szegé ([76], III, Ch. 6), Rajagopal [78§],
Titchmarsh ([87], Ch. 5), Zalcman [92].



1.2 Different proofs of the real-part theorem 3

In this section we provide three different proofs of the real-part theorem
with the constant C' = 2. In all these proofs we assume that f = u + v is an
analytic function in Dp with f(0) = 0. We introduce the notation

A¢(R) = sup Rf(2) (1.2.1)

|z|<R

to be used henceforth.
We recall that according to the Schwarz lemma, every analytic function f
in Dg with |f(z)| < M and f(0) = 0 satisfies

If(2)| < MR 2| for |2| <R

(see, for example, Littlewood [65], p. 112).

A combination of conformal mappings and the Schwarz lemma form the
basis of the so called subordination principle, used, in particular, in the proof
of the Hadamard-Borel-Carathéodory inequality and similar estimates (see
Burckel [23], Ch.6, § 5, Polya and Szegé [76], III, Ch.6, § 2). The following
proof is of the same nature.

Proof based on a conformal mapping and the Schwarz lemma
(see Littlewood [65], pp. 113-114, Titchmarsh [87], p. 174-175). When proving
the inequality

IF(2)] <

7 EE)EW(Q’ (1.2.2)

we may assume that f # 0. Then, by the maximum principle for harmonic
functions, Af(R) > u(0) = 0. The function

w=(0) = 24, ()

performs the conformal mapping of the disk |¢| < 1 onto the half-plane Rw <
Ay (R) so that, 1(0) = 0. Using the inverse mapping
w

consider the function
|z| < R. (1.2.3)

According to the conformal representation theory, the function w is analytic
in Dg and |w(z)| < 1. These properties of w can be also justified by other
arguments. The function w is analytic in Dpg, since the denominator in the
right-hand side of (1.2.3) does not vanish. Furthermore, since

—2A5(R) + u(z) < u(z) <2Af(R) — u(2),
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then |u(z)| < 2A¢(R) — u(z) and hence

_ u?(2) +v%(2)
T AR w02

Note that w(0) = 0 because f(0) = 0. Thus, by the Schwarz lemma,

w(2)[?

-
< —.
()l < -
Now, taking into account (1.2.3), we find
244 (R)w(z 2A¢(R)r
1f(z)| = f()()g f()7
1—w(z) R—r
which proves (1.2.2). O

Another proof of the real-part theorem is based on the integral represen-
tation of analytic functions in a disk.

Proof based on the Schwarz formula (see Levin [63], p. 75, Rajagopal
[78]). Consider the Schwarz formula

1 [ o Re? + 2
= — Z’LZJ R
f(z) 5 /0 u(Re )Rew — Zd’L/J, |z| < R.

Combining it with

2w
0=u0) = 5- [ ulRe ),
we obtain )
1 T - 2z
= — “’[}
£(2) 2W/O u(Re) 25— dy,
Using the equality
LAy 1 / @
21 Jo  Re —z 27 Ji=p C(C —2) ’
we find
F6 = o= [ {ulRe™) — Ay (B} 2
2_27r0 ulhe ! Reiv — 27
Hence,
()] < e {Af(R) — u(Re™)} o dyp
~ 27 Jo f R—r "

which implies (1.2.2). O
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There are proofs of the Hadamard-Borel-Carathéodory inequality, based
on series expansions (see Borel [21, 22], Cartwright [27], Ch. 1, Ingham [50],
Ch. 3, Littlewood [65], Ch. 1, Zalcman [92]). We now give a proof of the
real-part theorem, close to that proposed by Hadamard, but with the sharp
constant C' =2 in (1.1.1).

Proof based on the series analysis (see Maz’ya and Shaposhnikova

[70], p. 277-278). Put
flz) = Z an 2",

n>1

which means that we assume f(0) = 0. Define the maximum term
p(p) = max|ay |p"

of f(z). Clearly,

f(2)] < mR) D (%)n =" u(R). (1.2.4)

One verifies that o
an R" = / u(R,9)e~ " do.
0

3|

Since )
/ u(R,9)dy = 0,
0

and, for any ¢ € C, _
- R(e°¢),
¢l = max R(c*()
we obtain

1 271'
WRT = — 1 4 cos(nd) — R, 9)do.
anlB? = 2 s [ (14 cos(d = p)u(R.0)

Using the identity

2
1 / (1 + cos(nd — ¢))dd) = 2,
0

™

we arrive at the inequality

<2 W
n(R) < ﬂen[lggﬂ]U(R, )

which, together with (1.2.4), yields estimate (1.2.2). O
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1.3 Extremal values of the real part of the rotated
Schwarz kernel

In what follows, by h,(Dr), 1 < p < 0o, we mean the Hardy space of harmonic
functions in D which are represented by the Poisson integral with a density
in L,(0Dg). We shall adopt the notation Af(z) = f(z) — f(0), |2] =7 <
R, v=r/R.

It is well known (see, for example, Levin [63], L. 2) that by the Schwarz

formula
1 C+=z

Rf(Q)1dC] (1.3.1)

one can restore any analytic function f in Dr with Rf continuous in Dp.

We show that (1.3.1) can be extended to analytic functions f in Dg with
Rf € hp(DRr), 1 <p < co. It is known (see Hoffman [46], Ch. 3, 6 and Koosis
[54], Ch. 1, 2) that nontangential limit values of the Poisson integral

1 C+=z
2T R I¢|=R C—Z

u(z) botoac
with density g € L,(0Dg) coincide with g(¢) almost everywhere on 0Dp. The
last equality can be written as the representation
1 C+ =z
u(z) = —= 3?{
2TR [¢|=R C —Z

for u € hy(Dg). Then formula (1.3.1) for an analytic function f = w + v
with Rf € h,(Dpg) results from (1.3.2). In fact, by (1.3.2), the real parts of
the right and left-hand sides of (1.3.1) coincide in Dg. Hence, these functions
may differ only by pure imaginary constant, and f(0) = «(0)+:v(0) by (1.3.1).

}wowa (1.3.2)

The following two lemmas will be used in the next three chapters.

Lemma 1.1. Let f be analytic on Dr with Rf € hy(Dgr),1 < p < co. For
any real function o on Dy the relation

ia(z) _ i e (2)
meearer- oz [ R(E) ol s
holds.
Proof. By (1.3.1), we obtain
Af(s) = — RA(C)dCl,

TR Jig=r ¢ =2

which implies (1.3.3). O



1.3 Extremal values of the real part of the rotated Schwarz kernel

In the next Lemma, we find the extremal values of the function

ia(z)
Gz,a(z)(() =% (ec — ZZ>

on the circle || = R, where « is a real function on Dp.

(1.3.4)

Since z plays the role of a parameter in what follows, we frequently do not

mark the dependence of « on z.

Lemma 1.2. For any point z with |z| = r < R and an arbitrary real function

«a on Dg, the relations

) ei(2) 5 r(rcosa(z) — R)
(T ) -
o (reosa(z) + R)
er*?)z r(rcos a(z
pn (T5) - R

hold.

Proof. With the notation ( = Re®, 2 = re™ v = /R one has

ela y eia,,,e'm' ,.Yeza

C—=z T Reit — peit  eit—T) — ’y'

Setting ¢ =t — 7 in (1.3.5), we obtain

Gl =R (2

Consider the function

el — 1 —2ycosp+ 2

cos(p — ) — ycos
1—2vcosp+72

9(p) =

lo| < .

)

We have

) . ( Jeia ) _ lcos(p —a) = ycosa)

1oy
9°(¢) = (1 — 2vycosp + v2)2

Solving the equation g ’(¢) = 0, we find

) (1 —92)sina 27+ (1 +1%) cosax
singp, = cos . =
L 1+ 2ycosa + 72’ ot 1+2ycosa+~2 "’
and
1 —~?)si 2v — (1 2
Sin . = (1 —+%)sina cosp = v — (14 %) cos

11— 2vcosa+ 2’ 1—2ycosa+~2 "’

(72 — 1) cosasinp + (72 + 1) sin avcos p — 2y sin

(1.3.5)

(1.3.6)

(1.3.7)

(1.3.8)

(1.3.9)
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where ¢4 and ¢_ are critical points of g(¢). Setting (1.3.8) and (1.3.9) into
(1.3.7), we arrive at

( )_ﬂycosoﬁ—l ( )_ﬂycosa—l
g\p+) = 1_72 ) g\p-) = 1_72
In view of (1.3.7),
coSQ  YCOSQ — COS
g(=m) = g(m) = =

I 1—~2
Since g(p+) > g(p-) and

_ ycosa — cos ’)/COSOK+1 . ( )
- 1772 = 1772 = 9\¥+),

_ ycosa—cosa _ ycosa—1
- 1 _,72 = 1 _,72 —g(@_),

it follows from (1.3.6), (1.3.7) that

5 ez (04) vyeosa+1 r(rcosa+ R)
max = = =
max % — 19(p) =13 JE R
) etz vyecosa—1 r(rcosa— R)
R = _) = = .
|Igr\1£}% (C — z) 79(p-) 1—72 R? — 72
The proof of Lemma is complete. O

1.4 Upper estimate of R{e**Af} by the supremum of
RAS

We start with the following assertion.

Proposition 1.1. Let f be analytic on Dg. Then for any z with |z| =r < R
and an arbitrary real valued function o on Dy the inequality

< rBoresal@) o wAf) (141)

%{eia(z)Af(z)} < =2 max

holds with the sharp constant.
Proof. 1. Proof of inequality (1.4.1). We fix a point z with |z| =7 < R. Let

eia(z)z
= min R .
o= ()

By the inequality
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ia(z)
%<2;)—uza

for all ¢ on the circle |¢| = R there holds

{% <€;a(zlz) - u} Rf(Q) < {% (eéa(zlz) - u} max RF(Q). (142)

It follows from d¢/i¢ = |d{|/R that for all z € Dy

io(z) )
/ - Z|dC| = —Z'Rew‘(z)z/ o _ 0.
\

¢l=r C—% icj=r (€ —2)C
Consequently,
/ R (em(z)z) dc) =0 (1.4.3)
=k \ (=2 - -
and therefore, (1.4.2) implies
SRRt (ewwz) ~ i RAOHE] < 2 o RO
TR Jii=r =) " = TR '

Taking into account the mean value theorem

1

— R =%
32F ), RN =RF0)

we rewrite the last inequality as

1 eia(z) 5
TR <|—R%( (—z ) RFOIC] < ~2p1 max R{F(O) - £(0)}-

Hence, and by relation (1.3.3), one has

R{e“FIAf(2)} < —2p max RAS(C).

Using Lemma 1.2 and setting

—21 = —2 min R
H [KI=R

e @2\ 2r(R—rcosa(z))
C—z) R2 — 72

in the last inequality, we arrive at (1.4.1).

2. Sharpness of the constant in inequality (1.4.1). Let us show that the
constant o (R )
r(R —rcosa(z
Cla(z)) = THT®

in (1.4.1) is the best possible. Owing to (1.4.1), the estimate
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R(EO A1)} < Ca(af=) max RAT(Q) (1.4.4)

holds, where
Ci(a(z)) < C(a(z)). (1.4.5)
We verify that the constant in estimate (1.4.1) is sharp, i.e. Ci(a(z)) >

Cla(2)).
 Let &= pe’? where p > R. Consider the family of analytic functions in

Dpg
fe(z) = ﬁ (1.4.6)

depending on a complex parameter £. Putting z = ¢ = Re®® in (1.4.6), we find

B C _ Reit
RASf(C) =R (H) =R (Reit - pew)

_ _ R(R—pcos(t —9)) _1<1 p® — R? )

T p2—2pRcos(t—9)+ R2 2\ p?—2pRcos(t — V) + R?

This implies

RAS(O) = 5 max (1 i
max =—-—max(1—
I¢|=R ¢ 2t p? —2pRcos(t — ) + R?
1 p? — R? R
2< p2+2pR+R2) p+R (147)

Further, by (1.4.6),

ia(z) i(a(z)+m)
) 2 (ED) () o

By Lemma 1.2,
i(eu(z)+m) _
max{?R(e z)} r(p 27“005204(2))'
[€l=p §—=z pe—=r
We fix 2, |29| = r, and choose a point & = pe’° so that

R '@z 4™\ r(p—rcosa(z))
o — 20 a p*—r? .

Then, using (1.4.8), we find

R{oere)are o) - TrEsa) g

p2—T2

It follows from (1.4.4), (1.4.7), and (1.4.9) that
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r(p—rcosa(z)) p+R

Cl (Ck(Z())) Z p2 — 7,2 R

Passing to the limit as p | R in the last inequality, we obtain

2r(R — rcos a(zp))

Cl(a(z())) 2 R2 — 2

= C(a(z0)).

Hence, by the arbitrariness of the point zg on the circle |z| = r, we arrive at
Ci(a(z)) > C(a(z)), which together with (1.4.5), proves the sharpness of the
constant in estimate (1.4.1). O

The main objective of this chapter is

Theorem 1.1. Let f be analytic on Dr with Rf bounded from above. Then
for any z with |z| = r < R, and for an arbitrary real valued function o on Dg
the sharp inequality

2r(R — rcosa(z)) sup R{f(¢) — f(0)} (1.4.10)

R{= (f(2) — £(0))} < R2 — 72 ICI<R
holds.

Proof. Let z be a fixed point in Dg, and let ¢ € (r, R). Then, by Proposition
1.1,

2r(o — rcosa(z))
02— 12

R{e™) (f(2) — f(0))} < {As(0) = Rf(0)},

where

Af(o) = lrglg@?f(é).

Replacing As(p) by the upper bound of Rf on Dg in the last inequality, we
obtain

2r(o — rcosa(z))

R{e ) (f(2) = f(0))} < sup R{f(¢) — £(0)},

=1 <R

Passing here to the limit as ¢ T R, we arrive at (1.4.10). The sharpness of the
constant in (1.4.10) follows from Proposition 1.1. O

1.5 Two-sided estimates of R{e**Af} by upper and
lower bounds of RAf

The upper estimate for R{e’®*Af} in Theorem 1.1 can be equivalently written
as a lower estimate. Namely, replacing a(z) by a(z)+ 7 in (1.4.10), we obtain
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Corollary 1.1. Let f be analytic on Dgr with Rf bounded from above. Then
for any z with |z| = r < R, and an arbitrary real valued function o on Dg
the inequality

(R4 rcos a(z)) sup R{f(0) = £(0)} (1.5.1)

R? =1 y<r

R (f(2) — [(0)} > — =

holds with the sharp constant.

Inequalities (1.4.10) and (1.5.1) provide the two-sided estimate of

R{e“ (f(2) - £(0))}

by

sup RAf(C) = sup R{f(C) — f(0)} = sup Rf(¢) —Rf(0).

ICI<R ICI<R ICI<R
Replacing f by —f in (1.4.10) and (1.5.1), we can obtain similar inequalities
in terms of

sup {—RAf(()} = sup R{f(0) — f(¢)} = Rf(0) — inf Rf(C).

[CI<R [¢|<R [CI<R
Corollary 1.2. Let f be analytic on Dg with Rf bounded from below. Then
for any z with |z| = r < R, and an arbitrary real valued function « on Dg
the inequalities

%{eia(z)Af(z)} > _2r(R —rcosa(z))

(RF(O0) ~ inf RO} (152

R2 _ ;2
iolz 2r(R 4+ rcosa(z)) .
R a7 < TEETO D o) - e RO} (153)

hold with the sharp constants.

1.6 Inequalities for the modulus, real and imaginary
parts

We note that various Hadamard-Borel-Carathéodory type inequalities (see
Burckel [23], Ch.6, § 5, Jensen [51], Lindeldf [64], Polya and Szegé [76], III,
Ch. 6, § 2, Rajagopal [78, 79] and the bibliography in Burckel [23]) are corol-
laries of Proposition 1.1.

1.6.1. Estimates for the real and imaginary parts

Introducing the notation

Ap(R) = sup Rf((), B(R) = inf Rf(C), (1.6.1)
IC|<R ICI<R
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and letting a(z) = 0 in (1.4.10), (1.5.1) and (1.5.2), (1.5.3), we arrive at
two-sided estimates

R+T 2r R—fr A

RETRI0) ~ 1 A (B) S RFG) < pRIO) + o Ag(R), (162)
R — 2 R 2
e RIO) + £ By(R) < Rf(:) < Rf:%f(())— S B(R). (163)

Inequality (1.6.2) was obtained by Lindelof [64].
If Rf(¢) > 0 on the disk Dg, then Bf(R) > 0 and (1.6.3) imply the
classical Harnack inequality

R—r R+r

o RF0) < R(2) < T RF(0).

Another Harnack’s inequality

2 A (R) < RF(:) < 2o Ag(R)

T R+r
(see, e.g. Koebe [53]) follows from (1.6.2) where Rf(0) = 0.

Inserting a(z) = 7/2 in (1.4.10) and (1.5.1), we have the inequality for
imaginary part of analytic functions

SAG) < \?\lipR RAF(C). (1.6.4)

This inequality was obtained by Lindeldf [64].
1.6.2 Estimates for the modulus

Putting a(z) = —arg Af(z) in Theorem 1.1, we arrive at the following
assertion.

Corollary 1.3. Let f be analytic on Dgr with ®f bounded from above. Then
for any z with |z| = r < R the sharp inequality

2r(R —rcosarg Af(z)) sup RAf(C) (1.6.5)

|Af(2)] <
R? —r? ICI<R

holds, where arg Af(2) is replaced by zero if Af(z) =0 .

From (1.6.5) one gets the estimate for Af(z) = f(z) — f(0) on the circle
|z| = r < R called the Hadamard-Borel-Carathéodory inequality

A< ey s RAFC) (16.6)

As its consequence we obtain the inequality
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[F(2)] <

R+ 2r
R_T|f(0)|+ R_T|§|u<pR§)%f(C), (1.6.7)

where |z| = r, also called Hadamard-Borel-Carathéodory inequality.

The next two-sided estimate is well known (see, for example, Polya and
Szegd [76], III, Ch. 6, § 2, Rajagopal [78], Levin [63], L.2).

Corollary 1.4. Let f be a bounded analytic and zero-free function on Dg
with f(0) =1 and let
My (R) = sup [f(¢)]-
ICI<R

Then for any z with |z| = r < R the two-sided inequality

M (R)™75F < |f(2)] < My(R) 7 (1.6.8)
holds.

Proof. Let z be a fixed point in Dg, and let r € (g, R). Applying estimate
(1.6.2) to log f(z), where f(z) # 0 for |z| < g, f(0) = 1, we obtain

27

My(0)™ P <|f(2)] < My(0) 7.

Passing here to the limit as o 1 R, we arrive at (1.6.8). O

Remark 1.1. A similar estimate for |f(z)| with f(0) # 1 can be obtained from
(1.6.8) with f(z) replaced by f(z)/f(0).

1.7 Variants and extensions

We present some corollaries of Theorem 1.1 which can be obtained via con-
formal mapping.

Consider a bounded domain G in C, bounded by a Jordan line. Given an
arbitrary point £ in G, let z = &(w) be the conformal mapping of the disk
Dy ={w € C:|w| < 1} onto G such that #(0) = £ and let w = ¥(z) denote
the inverse mapping.

In what follows, we adopt the notation A¢f(z) = f(z) — f(€) and write
Af(z) in place of Agf(z).

1.7.1 Upper estimate of %{eia(Z)Agf(z)} by the supremum of
RA:f(¢) in a domain. Estimate for the first derivative

Let f(z) be an analytic function in G with real part bounded from above.
Then F(w) = f(®(w)) is analytic in Dy and has Rf bounded from above.
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Given an arbitrary real valued function « in G, we introduce J(w) =
a(P(w)). By Theorem 1.1, the function F'(w) satisfies

2[w|(1 — |w| cos I(w)) sup RAF (w).

1= fw]? Jwl<1

R{eWWAF(w)} <

Hence, going back to the variable z, we arrive at a generalization of (1.4.10)
for a domain G and an arbitrary fixed &

2|¥(2)[(1 — |¥(2)| cos a(z))
1—[@(z)]? sup RAS(Q). (171)

R{e“DAcf(2)} <

Putting here a(z) = —arg A¢ f(2), we obtain

21@(2)|(1 - |¥(z)| cos arg Ae f(2))
1—|w(z))

|1Aef(2)] < sup RA £(C). (1.7.2)
CeG

Dividing both sides of (1.7.2) by |z — £| and using ¥(§) = 0, we pass to the
limit as z — £ in the resulting inequality and thus arrive at the estimate

IF1(©] < QIW'(E)Iigg%{f(C) - 1)} (1.7.3)

with the sharp constant.

1.7.2 Upper estimate of R{e’**)A.f(z)} by the supremum
of RA:f({) and an estimate for the first derivative in the disk

Suppose, G = Dg and &(w) = R(¢ — Rw)/(R — &w). Then ¥ (z) = R(£ —
2)/(R?* — 2£) and (1.7.1) becomes

£)(1 —q(z,&)cosa(z))
1—¢%(2,¢) o RAS(Q),  (1.7.4)

%{eza(z)A£f<Z)} < 2q(z,

where q(z,€) = R|¢ — z|/|R% — z£|. The last estimate coincides with (1.4.10)
for £ = 0.
Note that in the case of the disk Dg, inequality (1.7.3) becomes

1'(2) sup {Rf(¢) = Rf(2)}, (1.7.5)

|< 2R
T R — |2 <R

where z is an arbitrary point of Dg. This estimate is due to Lindelof [64].
Here we give some inequalities resulting from (1.7.4). Note first that

2q(z,a)

f(z) = fla)] = 7 sup R{f(¢) — f(a)}, (1.7.6)

—q(2,a) |¢|<r

where z,a € Dp. The last inequality was obtained by Jensen [51] by a different
method.
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Let a be a fixed point in the disk Dg, and let |a| = rq, |z — a| = r. Putting
rq +r < R, we find

(2,a) R|z —q Rr
max ¢(z,a) = max - = 7
‘Z—a\=fq |z—al=r |R? — 2@ R2 —ry(rq +1)

which in combination with (1.7.6) leads to the estimate

2Rr
e 1) = f@] < sy o RO — @), (17.)

generalizing the Hadamard-Borel-Carathéodory inequality (1.1.2) for the case
of non-concentric circles. The sharpness of (1.7.7) can be checked as that of
(1.4.1) in Proposition 1.1 by the family of analytic functions (1.4.6).

Inequality (1.7.7) can be rewritten in terms of the distance d, from a to
ODp. Replacing r, by R — d, in (1.7.7), we arrive at

2Rr
1)~ S0 < g o RUO - f@). (119

1.7.3 Upper estimate of %{eia(Z)Agf(z)} by the supremum of
RA:f(¢) and an estimate for the first derivative in the half-plane

Consider the class of functions f analytic in the upper half-plane C;, =
{z € C: Sz > 0} such that Rf is bounded from above.

Given a fixed point ¢ € C,, we map D; onto C, using the mapping
z = (£ — €w)/(1 — w) whose inverse is w = (2 — £)/(z — £). The analogue of
(1.4.10) for C4 is

, 2 1—
R{eO A f ()} < BEDQAEL 00D G wage), wr9)
1—5%(z,%) CeCy
where s(z,&) = |z — &| /|2 — &)
An immediate corollary of this inequality is the estimate of the first deriv-
ative 1
fl(2)] < — sup {Rf(O) —Rf(2 1.7.10
£ < 55 s (RIO - RIE) (1.7.10)
of a function f, analytic in C; with £ f bounded from above.
Note that passage to the limit in (1.7.8) as R — oo implies the following
analogue of (1.7.8) for the half-plane H C C

max |f(2) - f(a)] € ——— supR{f(C) — f(a)} (17.11)

|z—al=r a — T ¢ceH

with d, = dist (a, OH).
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Estimates for analytic functions with respect
to the L,-norm of RAf on the circle

2.1 Introduction

There exist inequalities for analytic functions with the bounded real part in
the disk D with ||Rf — Rf(0)||cc as a majorant. One of them, generally
known as the Schwarz Arcustangens Formula, is

4 r
[RF() = RFO) < = arctan (£ ) [IRF = RFO) e, (21.1)
T R
(see Schwarz [84], p. 190 and pp. 361-362). The following inequality
2 R+
97(:) = 30 < 2 1og (770 ) IR = RFO)] . (212

is due to Carathéodory and Plemelj (see Carathéodory [25], p. 21). For the
proofs of these estimates see Burckel ([23], Ch. 6, § 5), Carathéodory (]26],
Ch. 1V, § 76), Koebe [53], Polya and Szego ([76], III, Ch. 6, § 2).

One more known inequality is

1)~ 10 < 2 1os (7

) IRF — RIO)]o (2.1.3)

-Tr

(see Burckel [23], Ch. 6, § 5).

Estimates (2.1.1)-(2.1.3) are particular cases of more general sharp esti-
mates presented in this chapter, which is devoted to sharp pointwise estimates

for '
[R{ ) (f(2) = FO)}]
by the L,-norm of Rf — Rf(0) on the circle dDg, where f is an analytic
function on Dp with Rf € h,(Dgr), o is a real valued function on Dg, |z| =
r<R,and 1 <p < oo.
In Section 2.2 we prove a general but somewhat implicit representation of
the best constant Cp(z, a(z)) in the inequality
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REEOO(F(2) = FODH < Cp (2 a(2)) [RF = RFO)]],- (2.1.4)
Namely, we find the representation for the constant in (2.1.4)

Cp(z, 04(2)) = R_l/pcp(r/Rv a(z)),

where
™ 1/q
v o cos(p — a) — ycos 1
=— - d 2.1.
Cp(7,0) wlxnelxg{/ﬂ 1—2ycosgp + 92 (p} ’ (2.1.5)
1/¢+1/p=1.

As a corollary of (2.1.4) with o = 0, for analytic and zero-free functions
f on Dpg such that f(0) =1 and log |f| € h,(Dr), we deduce the two-sided
estimate

exp { =, (2, 0)|10g /1], } < [£()] < exp{C,(2,0)][10g /]|, }
Section 2.3 contains the explicit formulas

01(%04)=ﬁ, Cz(%a)zﬁ~

In Section 2.4 we prove that the constant Co(7y, ) is equal to

2ysina + \/(1 —2)2 +442sin? o
1—~2

27 cos a>

~+ cos a arcsin ( 152

2 ).
— ¢ sinalog
T

Inequality (2.1.4) for p = oo, and the formula for Cu (v, ) imply classical
estimates (2.1.1)-(2.1.3).

In Section 2.5 we show that the inequality

3/(2) = SFO)] < RTPC, (r/R,m/2) |IRF = ROl (2.1.6)

holds with the sharp constant defined by

1 . 1/q
Cp(y,m/2) = % {2/_1 Wdt} , (2.1.7)
where ¢ = p/(p — 1), s(7) = (27)/(1 + +?). We note also that the constant
Cp(7y,m/2) can be written in the form

p—1

Cp(v,m/2) = %;/) {2 [1 7%2(7)]ﬁ ZB <§§_;, 277,; 1) %Qn(,y)} 7

n=0

where B(u,v) is the Beta-function. Inequality (2.1.6) with the sharp constant
Cp(7y,m/2) is a generalization of the classical Carathéodory-Plemelj estimate
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(2.1.2) for any p > 1. For natural values of ¢, the value Cp (v, 7/2) is expressed
in elementary functions. For instance,

3_,y2 1/4
Cuya(y,m/2) = 7{‘171'3(1_’72)3} )

and

1—722 2 81—y

The concluding Section 2.6 contains analogues of inequality (2.1.4) with
p = oo for |R{e**)(f(2) — f(£))}| with sharp constants in the case of a disk
and a half-plane. As corollaries we obtain sharp estimates for |f/(z)| in these
two domains. In particular, we prove the sharp inequality

4R
m |?|11<I)R IRf(C) —Rf(=)],

where z is an arbitrary point in Dg. The last estimate is similar to Lindelof’s
inequality (1.7.5).

1 (1442 1, 1+~"7°
Copatnn) = U] - s 1L

1f'(2)] <

2.2 Estimate of [R{e**Af}| by the L,-norm of RAf on
the circle. General case

For real valued functions g; and g defined on the circle |{| = R, we set

(91,92) = /K'_Rgl(ogz(cﬂdc

and by ||g||, we denote the L,-norm, 1 < p < oo, of g on the circle || = R.
The following assertion is basic in the present chapter.
Proposition 2.1. Let f be analytic on D with Rf € hp(Dgr), 1 < p < 0.

Further, let a(z) be a real valued function, |z| < R. Then for any fized point
z,|z| = r < R, there holds

R{EC AT} < Cp (2 a(2) RS, (2.2.1)
with the sharp constant C,(z, a(z)), where
1 T
Cp(Z,Oé) = mcp (E,Oé) 5 (222)

and the factor

gy iy
e = Tmin{

cos(p —a) —ycosa

-
1—2ycosp+ 2

q 1/q
dap} , (2.2.3)
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is even m-periodic function of o, 1/q+ 1/p = 1.
In particular,

|Af(2)] < Cp (z,arg Af(2)) [|RAS]]p- (2.2.4)

Remark 2.1. The case p =1 (¢ = 00) in (2.2.3) is understood in the sense of
the relation

llglloo = Tim {lg[g-
q— 00

Note also that all inequalities in the present chapter with Af(z) in the left-
hand side and [|RAf]|, in the right-hand side can be written in an equivalent
form provided f is subject to the condition f(0) = 0. For example, inequality
(2.2.1) takes the form

[R{e" @ f(2)}] < Cp (2, a(2)) 1RSIy,
where f(0) = 0.

Applying Proposition 2.1 with a(z) = 0 to log f(z), where f(z) # 0 for
|z] < R, f(0) =1, and log|f| € h,(Dg), we obtain

Corollary 2.1. Let f be an analytic and zero-free function on Dg with f(0) =
1, and let log|f| € hy(Dr), 1 < p < co. Then for any z with |z2| =r < R
there holds

|[log|f(2)] | < Cp(2,0)|[log | ] ]], (2:2.5)
with the constant Cp(z,0) given by (2.2.2),(2.2.3) with o = 0.

We can write inequality (2.2.5) in the equivalent form

exp {=C,(z,0)[[1og |11 ||, } < |£(2)] < exp {C,(z,0)[|10g |11 ]|, },  (2.2.6)

which is the Ly-analogue of (1.6.8).

The following standard assertion (see, for instance, Korneichuk [55], Sect.
1.4) follows from the Hahn-Banach theorem and will be used in the proof of
Proposition 2.1.

Lemma 2.1. Let g and h be fized elements of Ly(0DRr), 1 < q < oo, and let
the functional Fy(y) = (g9,v¢) be defined on the subspace

L ={¢ € Ly(0Dr) : (h,v) = 0}
of L,(0DR), where 1/p+1/q=1. Then

[1Eyllz = min |lg — Ahlly. (2.2.7)
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Proof. Tt suffices to consider the functions h novanishing on a set of positive
measure. Let A be an arbitrary real constant. Consider the extension of F,
from L onto the whole space L,(0Dpg) given by

Fy() = (9,%) = AMh,¥) = (g — Ah, ). (2.2.8)
Hence, by ||Fy||r < ||Fg4l| and due to the arbitrariness of A
[1Fglle < min sup {|(g = A, v)| : ([l < 1} (2.2.9)

We show that any linear continuous functional extending F, from L onto
L,(0Dg) is of the form (2.2.8). Given u € L,(0Dg) with (h,u) = 1, we have
=19 —(h,¢¥)u € L for any ¢ € L,(0Dg). This means that any ¢ € L,(0Dg)
admits the representation

where ¢ is a certain element of L. Let @, denote an extension of F, from L
onto L,(0Dg). By (2.2.10) and @4(p) = Fy(p) with ¢ € L we obtain

By (1)) = Fy() + (h, )Py (u) = Fy (¢ — (h,)u) + (h, )Py (u)
= (9% = (h,¥)u) + (h, )Py (u) = (9,9) — {(g,u) — By(u)} (h, ),

which proves the representation (2.2.8) for ¢, with the constant A = (g, u) —
D, (u).
Then by the Hahn-Banach theorem, there exists a constant p such that

1|l = sup {[(g, 1) — u(h, )| « |[9]], < 1}.
This and (2.2.9) imply

[1Egllz = min sup {[(g — A, ¥)| : |[¥]], < 1},

which is equivalent to (2.2.7). O

Proof of Proposition 2.1. 1. Representation of the sharp constant in in-
equality (2.2.1). Using (1.3.3) and notation (1.3.4), we have

R =g [ GO RIOMA @21
Suppose first that
1
RIO) =55 n Rf(Q)ldc] = 0. (2.2.12)

Therefore, applying Lemma 2.1 to the functional Fj(¢) with
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9(¢) = (TR)'G..a ()
and h = 1,9 = Rf, we arrive at the representation

1 .
Cp(z,a) = o r/\nel]gHGza — Mg (2.2.13)

for the sharp constant Cp(z, a) in
[R{Af(2)} < Cp (2, 0) [[RS - (2.2.14)

Setting f(z) —Rf(0) instead of f(z) in (2.2.14), we conclude that (2.2.1) holds
with the sharp constant (2.2.13).
Now, suppose 1 < p < oo. Combining (2.2.13) with (1.3.4) and (1.3.5) we

have
1 ) T+T ,.Yeia
e = mn{ [ [R(=) -

q 1/q
Rdt} ,
which after the change of variable ¢ =t — 7 becomes

1 . T et ? 1
Cp(z,a) = 7T_R1/pr/\n€l]§{/_ﬂ. R <ei‘/’ — ’y) - A dcp} . (2.2.15)
Using the notation
1 s el q 1/q
Cp(y,0) = Wf\nell%{/_ﬂ %(ew—'y) - dgo} , (2.2.16)
we rewrite (2.2.15) as
Cp(z,a) = ﬁCp (%,a) , (2.2.17)

which together with (1.3.6) proves (2.2.2) and (2.2.3) for 1 < p < c0.
The case p =1 (¢ = o0) in (2.2.3) is handled by passage to the limit.
)

2. Properties of Cp(7y, o) and inequality (2.2.4). We show that Cp(7y, —a) =
Cp(7v,a). Let 1 < p < o0. By (2.2.16),

2 —i
v €
CP(%O‘):#PEIE{/O §R<e—w_7>”

which after the change of variable ¢ = 27 — ¢ becomes

v 2 efioc
o= Tr{ [ r (=)

q 1/q
ds@} ;

q 1/q
d’l/)} = Cp(’)’a 70‘)'
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The equality Cp(v,a + m) = Cp(y,a) follows also from (2.2.16). Obviously,

Cp(7, ) remains even and m-periodic in the limiting case p =1 as well.
Putting a(z) = —argAf(z) in (2.2.1) and taking into account that

Cp(7, ) is even in «, we arrive at (2.2.4). O

The next two subsections contain explicit formulas for the sharp constant
Cp(z,a) in inequality (2.2.1) with p = 1,2, co. As corollaries, we obtain sharp
estimates for the real and imaginary parts of an analytic function in the disk
|z| < R, as well as for its modulus, by its real part on the circle |z| = R.

2.3 The cases p=1 and p = 2

The next assertion specifies Proposition 2.1 for p = 1.

Corollary 2.1. Let f be analytic on Dg with Rf € hi(Dg). Further, let a(z)
be a real valued function, |z| < R. Then for any fized point z,|z| = r < R, the
sharp inequality

RO A2} < ——r | [RAFIs (2.3.1)

(R? —12)
holds.
Proof. By (2.2.13),

.
Ci(z, ) = —- min max G2a(Q) — AL (23.2)

Since A is subject to one of the three alternatives

A< min G, 4(¢), min G, +({) < A < max G, o({), A > max G, ,({),
< pin, Q) nin, a(C) max a(C) max a(C)

it follows that the minimum with respect to A in (2.3.2) is attained at

1 .
A= 3 {Iclllilll% Gz,a(C) + IICIIE)IE? GZ,a(O} )

which by 1.3.4 and Lemma 1.2 implies

r2 cos

A= et
Putting the value of A into (2.3.2) and using Lemma 1.2, we obtain

r

Ci(z,a) = (R —2)

(2.3.3)

which proves (2.3.1). O
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Corollary 2.1 with p = 1 and formula (2.3.3) imply
Corollary 2.2. If f is an analytic and zero-free function on Dg with f(0) =
1, and log|f| € h1(DRg), then for any z with |z| = r < R the inequality
r
‘log\f(z)H SWHIOE’;UHM (2-3-4)

holds.
Note, that the inclusion log | f| € h1(Dg) holds for f € H,(Dg),1 <p < o0

(see, for example, Koosis [54]).
The next assertion specifies Proposition 2.1 for p = 2.
Corollary 2.3. Let f be analytic on Dg with Rf € ho(DRg). Further, let a(z)

be a real valued function, |z| < R. Then for any fixed point z,|z| = r < R, the
sharp inequality

r

VTR(R? —1r?)

[R{ D Af(2)} < [IRAF |2 (2.3.5)

holds.

Proof. Combining

Gn(2)dC] = R b L
/c—R @l {/|<|—RC—Z| C'} {/c—R a0

with (2.2.13) for p = 2, we have

1
Ca(z,0) = G alle: (2.3.6)

Let us calculate ||G; o||2. Using (1.3.5) and setting ¢ =t — 7 we obtain

ela 2 T+T ela 2
Goalli= [ [m( )} ai| =" | [m( )} Rt
|| ) H2 (Cl=R C — | C' Y i ez(th) — 5

2 [T (cos(p — a) — ycosa)?

T RJ ., (1T 2ycosp+12)2

dep, (2.3.7)

and making elementary calculations, we arrive at

/7T (cos(p —a) — 'ycosa)Qd 0
e (I=2ycosp 722 T 142

which together with (2.3.7) gives

2
mr*R
HGz,aHg = Rgi

— 2

(2.3.8)
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Hence and by (2.3.6) we conclude

Ca(z,0) = m. (2.3.9)

O

The following assertion results directly from Corollary 2.1 with p = 2 and
formula (2.3.9).

Corollary 2.4. If f is an analytic and zero-free function on D with f(0) =
1, and log|f| € ha(DR), then for any z with |z| = r < R the inequality

|log | f (= (2.3.10)

)||Sm||10g|f|||z

holds.

2.4 The case p = o©

The next assertion gives a sharp constant in (2.2.3) for p = co.

Theorem 2.1. Let f be analytic on Dgr with bounded Rf. Further, let a(z)
be a real valued function, |z| < R. Then for any fixed point z,|z| = r < R, the
estimate

[REDAF ()} < Coe (F10(2)) [IRAf (2.4.1)

holds with the sharp constant

2y sina\/(l —12)2 4 442sin’ o
1—72

2
+ cos aarcsin ( 'ycosa> } . (2.4.2)
1+92

2
Coo(7,a) = —~ sin « log

Proof. The representation for the sharp constant in (2.4.1)

§R< e > - /\’dga (2.4.3)

el —

Coo(v, ) = lmin/

T AER J_

results by (2.2.16) and (2.2.17) with ¢ =1 (p = 00).
1. Solution of the extremal problem in (2.4.3). Let the function v and the
point z with |z] = r < R be fixed. Suppose that A = Ag is a solution of the

equation
™ ) ez'oz
/_ﬂ51gn{%(ewv> —)\} dp = 0. (2.4.4)
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Let

ﬂ@:%(f” )—M. (2.4.5)

et —ry
Then, for any p € R,

/ﬂIQWde=i/ﬂ(g@ﬂ—WOs%ng@ﬁmpéu/ﬂhﬂw)—uww,

—T —T —T

which together with (2.4.3) and (2.4.5) leads to

COO(%OZ):Z/ %<ei§—7>_/\0

™ —T
We now show that (2.4.4) holds with A = —y(1 + v%)~! cos a, where 7 €
[0,1). We rewrite the left-hand side of the equation

%( c >-%7“Ba——0 (2.4.7)

el — 14+~2

dep. (2.4.6)

as

ele CoS (v
%(i >+W a
e —y 1+~

1 (1 —~4?)cospcosa+ (1 +~2)sinpsina

- . . 2.4.8
142 1 —2ycosp+ 2 ( )
Let ¥ be the solution of the system
1 — 2 1 2
cost = a=") cos «, sind = a+7) sin v, (2.4.9)
k() ke, y)
where
E(o,y) = [(1 = )2 cos® a + (1 +~2)%sin? o /2. (2.4.10)
From (2.4.8), (2.4.9) we obtain
" -eia veosa  k(a,y)  cos(p — V) . (2.4.11)
el — 142 1442 1—2vycosy+~2

Thus, the equation (2.4.7) with unknown ¢ is reduced to cos(p — ¥) = 0.

The distance between two successive roots ¢, = ¥ — 7/2 + mn, n =
0,4+1,42,..., of the equation cos(p — ¥) = 0 is equal to 7. We put (o =
eo (1 = e with g =9 — /2, p1 = + 7/2. Then

el Y COS @ et Y COS &
R $ 10 ()4 12
(Co—v) 1+~2 G-—7v/) 1+792
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Thus, for fixed v € [0,1) and «, the points {p and ¢; divide the circle
|¢| =1 into two half-circles such that the left-hand side of (2.4.7) is positive
on one of them and negative on another one. Hence (2.4.4) holds with A =
—v(1 4+ +?)~! cos a and, therefore, by (2.4.6),

_1 ™ eia v
Coo(v,a)—ﬂ/ 8‘%(6@_7>+1+72005a

2. Calculation of Coo (v, a) by (2.4.12). The last equality and (2.4.11) imply
k g -4
ko) [* leste =0y, o113
T(1+9%) J_x 1 —2ycosp+ 72

where k(a, ) is defined by (2.4.10) and 9 is the solution of (2.4.9) in (—m, 7).
We denote, for brevity

T Jcos(p —9)|
= de. 2.4.14
J /_ﬂ1*27608s0+72 v ( )

dep. (2.4.12)

Coo(v, ) =

Equality (2.4.14) can be written as

T2 cos(p — 09) d /19"'3”/2 cos(p — 1)
9-nj2 1—2ycosp+7? o1m/2 1 —2ycosp+y
In the first integral we make the change of variable 1) = —¢ and in the second

integral we put n = 7 — ¢. Then

™20 cos(yp 4 0) i+ /”/2_19 cos(n + V)
—rj2—p L —2ycostp+ 92 —nj2—9 L+ 2ycosn 472

j:

5 dp.

j:

9

which implies

T/2—9

j:2(1+72)/ coswcosﬁ—sinwsinﬁdw (2.4.15)

—rja—n (1+7%)2 =472 cos? ¢
Substituting the integrals

/”/2_19 cos = 1 arctan (27 cos 19)
Crjamg (L4722 —dy2cos?y y(1—12) 1—n2 )7

/”/2_19 sin 1 14+ ~2 4 2ysin?

dip =
—nj2—9 (L+72)? — 4y? cos? v v 29(1+72) 21472 —2ysind
into (2.4.15), we obtain

2(1+~2%) [ cosd 27 cos sin 1+~2 4 2sind

5 arctan 3 5y log 5 - .
~y 1—7 1—7 2(1+~2) 1492 —2ysind
Hence, taking into account (2.4.9), (2.4.10) and (2.4.13), (2.4.14), as well as
the identity arctan[z(1 — x2)~'/?] = arcsin x, we arrive at formula (2.4.2). O

j:
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Remark 2.1. Using the equality

sup |g9(Q) = [[9lloc
[CI<R

which is valid for bounded harmonic functions g in Dg, we can replace
[[RAf]|oo in (2.4.1) and its corollaries by

sup [Rf(C) —Rf(0)].

[CI<R

The next assertion contains particular cases of (2.4.1), well known esti-

mates (2.1.1)-(2.1.3) for |[RAf(2)],ISAf(2)| and |Af(2)| by [|[RAS||s.

Corollary 2.4. Let f be analytic on Dy with bounded Rf. Then for any fized
point z,|z| =r < R, the sharp inequalities

4 r
[RAf(2)] < — arctan (E) IRAF| o, (2.4.16)
SAS(2)] < Zlog TX T IRAS e, (2.4.17)
T R—r
2 R+r
< — 4.
Af()] < 2 log 1 IRAS e (2.4.18)

hold.
Proof. 1. Inequalities for |[RAf(z)|. Estimate (2.4.16) follows from (2.4.1) and
(2.4.2) with o = 0. In fact, by (2.4.2),

2 . 2y 4
Coo(7,0) = — arcsin (W) = arctan-y. (2.4.19)

2. Inequality for |SAf(z)|. Inequality (2.4.17) stems from (2.4.1) and
(2.4.2) with o = 7/2. In fact, by (2.4.2),

2 1+7y
Coo(y,m/2) = p log ﬁ

3. Inequality for |Af(z)|. Since Co (7, @) is an even m-periodic function in
a, it follows that

max{Co(v,0) : =1 < a <7} =max{Cx(y,a) : 0 < a < w/2}. (2.4.20)

We show that C (77, ) is an increasing function of « on [0, 7/2] and hence

1+7

max{Coo(v,) : 0 < < 7/2} = Coo (7, 7/2) = %bg (2.4.21)

Let us consider Coo (7, ) for 0 < oo < /2. By (2.4.2) we have
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2751no¢—|—\/ 1 —42)2 + 442 sin’ o
1—~2

. . [ 2ycosa
— sin v arcsin .
1+~2

aCOO (77 a)

o (2.4.22)

2
= — < cosalog
™

Note that the relations

2751na—|—\/ 1—7 +47 sin? o /2’ysina dt
7’ o 122+ 12

1
og =
. (2vcosa 21+ Teoser gy
arcsin = ’
( 1472 ) /0 V1= 12
and the mean value theorem imply
Zysina dt 27 cos asin a
cos
0 (1—» +t2 )2 + 442 sin? ]1/2’
i /27(1+72)1C03a dt - 27y cos asin
sin « ,
0 VI—12 (1 —72)2 + 492 sin? a)l/2

where a € (0,7/2). Therefore, it follows from (2.4.22) that

9Cx (v, a)
—F—= > 0.
O ~
Thus, Cx (7, @) increases on the interval [0, 7/2] and by (2.4.1), (2.4.20) and
(2.4.21) we arrive at (2.4.18). O
As a corollary, we give an estimate for | log|f(z ’ by || log | f] ||

Corollary 2.5. If f is an analytic and zero-free function on Dgr with f(0) =
1, and log|f| € hoo(DRr), then for any z with |z| = r < R the inequality

|log | f(2)] | < farctan( )Hlog\ﬂ“ (2.4.23)

holds.

Proof. Estimate (2.4.23) results from (2.2.5) combined with (2.4.19) and
(2.2.2) with p = oo. O
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2.5 Generalization of the Carathéodory and Plemelj
inequality

2.5.1. The general case p € [1, 0]

The next assertion contains a sharp inequality which is a generalization
for 1 < p < oo of the classical estimate

97(:) = 350 < Z1og (5

) IRF = RFO)] e

-Tr

due to Carathéodory and Plemelj (see Carathéodory [25], p.21, Burckel [23],
Ch. 5, § 3 and Notes to Ch. 5).

Corollary 2.6. Let f be analytic on Dg with Rf € hy(Dgr), 1 < p < oo.
Then for any fized z,|z| = r < R, there holds

SAf(2)] < R7Cq (r/R) IRAS I, (2.5.1)

with the sharp constant

v

Cs1(7) = A=) (2.5.2)
and
» L (1 —2)@-1/2 e
Cs () = % {2/_1 Wdt} (2.5.3)

( ) /( ) o) 2 1 2 + 1 (p=1)/p
_ = 2 1/(2=2p P — n 2n
=57 {2[1 ()] n§_OB(2p_2,2 )% (v)} ;

for 1 < p < oo, where 3(y) = (27)/(1 ++?) and B(u,v) is the Beta-function.

In particular,
Y

V(L =92)

Proof. By Proposition 2.1, inequality (2.5.1) holds with the sharp constant

Cs.a(7) = (2.5.4)

Csp(7) = Cp(y,7/2), (2.5.5)
where
T : q 1/q
Y. sin @
2)=— - : 2.5.
Cp(v,7/2) ngel]g{/_ﬂ T cosg 1 2 A d<p} (2.5.6)

The formulae (2.5.2), (2.5.4) were obtained in Corollaries 2.1 and 2.3,
respectively.
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Let 1 <p<oo(l1<q<oo). Wefixve€[0,1) and put

sin ¢
= ) 2.5.7
90) = e (2.7
Taking into account the equality
[ latorsisn g(eld =0,
which holds since g is odd, for any p € R we have
lolty = [ lotode = [ (o60) -~ n)lo(o)l" sien g(o)de
This implies
lollg < [ lote) - nllgte)ir e (253

Further, by Holder’s inequality

/ 19(0) — ull9(2)|7 do < [lg — pllgllgl|".

—T

Hence, by (2.5.8),
gllq < llg = pllq-
Combining this with (2.5.6) and (2.5.7), we arrive at

v T Singo q 1/q
C 2)=— d
P(’777T/ ) W{/_ﬂ(l?}/cosgoJr’yz) 90} ’

which in view of (2.5.5), results at

ﬂ_ . q 1/q
~ sin
1, , 2.5.
Csp(7) - { /0 (1_27(:05@-1-’72) dgo} (259

Making the change of variable ¢ = cos ¢ and setting () = (27)/(1 +72), we
arrive at the first equality for the constant Cg ,(7y) in (2.5.3).

We shall write the sharp constant Cg p(y) in (2.5.1) in a different form.
Using the equality (see, for example, Gradshtein and Ryzhik [42], 3.665)

T i K 11 2
/ —7 dQDZB at yo | F Qag;q—’_ ;72 )
o \1—2vcosp+~2 2 72 27 2

where F(a,b; c;x) is the hypergeometric Gauss function, and the relation

F(a,b;a—b+1;2) =

1
(1 _ J})l_Qb(l 4 x)2b—a—1F (a +

2

a 4x
—b=41—-ba—b+1; ——
a2+ ;@ +7(1+1.)2>a
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we conclude by (2.5.9) that Cg () is equal to

2 ool (5 (23200}

(p—1)/p
#(7) 2 /@2 = o, (20— 1 20+ 1Y\ o,
=D lo1— B
o { [1—52(y)] > w2 3 )0 :

n=0

that is, we arrive at the second equality for Cg p(7y) in (2.5.3). O

The integral

B 1 (1 _ tz)(qfl)/Q
ni) = [ S

n (2.5.3) is the sum of each of two series

S () [

S (") [ et

m=0

and

The first of these series becomes a finite sum for odd ¢ and the second one for
even q.

2.5.2. The case of odd ¢

For odd g, the recurrence relation

2(2n — 211 1 1
Loni1 (%) = 5 = SR =y Sl )
with ) 1+
V1
Ii(s) = ;log T
implies
1)n+k( 21%2)” 2\ (=D 14
Tana () = 2n+2z 2k — 1) (1—%2) T s T

Hence, putting s« = (27)/(1++?) in the last equality and taking into account
(2.5.3), we find
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1
1 +’Y i n+k 2]{: 2)” 27 2kY 2n+1
(2k —1)! 1—~2 '
k=1
For example,

1/3
1 [(v(1++ 1 1+
Cs, 3/2(7) {(1(_7)) B log 1—7} .

2.5.3. The case of even ¢

For even ¢, the recurrence relation

w(2n — ! 1 1
Tansal) = @)1l 52(1 — 52)@nt1)/2 S lan(%)
with
—V1—35?
L = TV ) N )
11—
leads to
T - DRk — 1)1 [ k2 B2
2nt2() = 22n+3 Z (2k)!! 1— 2

w(—l)” (1 —Vi-2)
+ et T

Hence, putting » = (2v)/(1 + ~?) in the last equality and using (2.5.3), we
obtain

1 (A=)
Cy, 2n22(7) = o {1 ~3
7(1+12) 2": (1) th2k — DI [ 2y \ PP
o p (2K)!! 1—192 '

In particular,
1/4
3 — 72
Cs —nd -7 U
S, 4/3(’7) 7{4ﬂ3(1 — VQ)S}
2.6 Variants and extensions

Here we collect some estimates which result from Theorem 2.1 by conformal
mappings.
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Similar to Section 1.7, we assume that G is a bounded domain in C,
bounded by a Jordan curve. By £ we denote an arbitrary fixed point of G. Let
z = &(w) be a conformal mapping of D; = {w € C: Jw| < 1} onto G such
that @(0) = £ and let w = ¥(z) stand for the inverse mapping.

We preserve the notation A¢ f(z) = f(2) — f(§) introduced in Chapter 1
and write Af(z) in place of Agf(z).

2.6.1 Estimate of |R{c'*(*) A¢f(2)}| by the supremum of [RA;f(¢)|
in a domain. Estimate for the first derivative

Let f(z) be an analytic function in G with bounded Rf. Then F(w) =
f(@(w)) is an analytic function in Dy with bounded RF.

Given an arbitrary real valued function « in G, we introduce d(w) =
a(@(w)). By Theorem 2.1 we have

R{e7™ AF(w)}] < Cuo (], 9(w)) sup [RAF(w)],

|lw|<1

where Coo (7, @) is defined by (2.4.2).
Coming back to the variable z, we obtain the following generalization of
(2.4.1) for a domain G and arbitrary &

(D AS ) < oo (PR, o) sup RASQL (2:610)

Putting here a(z) = —arg A¢ f(2), we obtain

[Acf(2)] < Coo (|#(2)], —arg Acf(2)) sup [RAf(O]-

After dividing this inequality by |z — £| and taking into account (2.4.2) and
¥(£) = 0 we make the limit passage as z — £. As a result, we arrive at the
sharp estimate

A9

™

|F ()] <

sup [Rf(C) = Rf(E)]- (2.6.11)
CeG

2.6.2 Estimate of [R{e*(*) A;f(2)}| by the supremum of [RA¢f(¢)]
and an estimate for the first derivative in the disk

Let G = Dg and ®(w) = R(¢ — Rw)/(R — &w). Then ¥(z) = R(¢ —
2)/(R? — 2£). In concert with (2.6.10),

(e Acf(2)}] < Cne (R"f' a(z>) sup [RAS(Q)),  (2.6.12)
|R? — &2 I¢I<R

which coincides with (2.4.1) for £ = 0.
In this case the sharp inequality (2.6.11) takes the form
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B cp RO — REG), (2.6.13)

’ .
FEls T S

where z is an arbitrary point of Dg.

2.6.3 Estimate of |R{e!*(*) A; f(2)}| by the supremum of |[RAf({)|
and an estimate for the first derivative in the half-plane

Consider a function f, analytic in the upper half-plane C; = {z € C :
Sz > 0} with bounded Rf .

Given a fixed point ¢ € C,, we map D; onto C, using the mapping
2z = (& — €w)/(1 — w) whose inverse is w = (z — £)/(z — ). An analogue of
(2.6.10) for C is

|%{em<z>Agf(z>}|scoo('Z‘f <z>) sup RAF(Q). (26.14)

— «
|2 = ¢’ ¢ceCy

Hence, in the same way as in Section 2.6.1, we obtain the sharp inequality

P2 < — sup [RF(C) = Rf(2). (2.6.15)

T3z ¢

where z is an arbitrary point of C,..



3

Estimates for analytic functions by the best
L,-approximation of Rf on the circle

3.1 Introduction

Along with (2.1.1) and (2.1.2), there exist other inequalities for the increment
of the real and imaginary parts at zero of a function f which is analytic in the
disk Dgr and has a bounded real part. In particular, we mean the inequalities

RF(2) ~ RFO)] <~ axcsin (5 ) [1Rf]| (3.1.1)
and ) 0

2" Y r

[S7(2) ~ SF(0)] < 2 log ( R_T> RF |l (3.1.2)

(see, for example, Hurwitz and Courant [49], III, § 9). The first inequality is
known as the Schwarz Arcussinus Formula.

The estimates (3.1.1), (3.1.2) are special cases of more general sharp in-
equalities presented in this chapter. Here we deal with sharp pointwise esti-

mate for '
[R{e" ) (f(2) — F(0)}]

by the Ly-norm of $f on the circle 9Dp and its corollaries, where f is an
analytic function on Dr with Rf € h,(Dr), « is a real valued function on
Dg, |zl =7 < R,and 1 < p < 0.

In Section 3.2 we obtain a general representation for the best constant
Kp(z,a(z)) in the inequality

[R{" ) (f(2) = FOD} < Ky (2, 0(2)) (RS = el (3.1.3)

where c¢ is an arbitrary real constant. Namely, we find the representation for
the sharp constant in (3.1.3)

Kp(z,a(2)) = RTYPK,(r/R, a(z)), (3.1.4)
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Kp(v,0) = % {/7; nga}l/q, (3.1.5)

1/q+ 1/p = 1. The value ||Rf — c||, in the right-hand side of (3.1.3) can be
replaced by E,(Rf), where

where

cos(¢p —a) — ycosa
1 —2ycosp + 2

Ep(g) = min |lg — |- (3.1.6)

stands for the best approximation of g by a real constant in the norm of
L,(0Dg).
As a corollary of (3.1.3) with o = 0 one gets the two-sided estimate

exp {~Kp(2,0) By (log|f])} < [f(2)| < exp {ICy(2,0) B, (log|f])} ,
where f is an analytic and zero-free function on Dg with f(0) = 1, log|f] €
hp(DRr), 1 <p < oo.

The explicit formulas

1+ ~v|cosa
7(1+7fcosal) Ko(y,a) = —2

Ki(y,a) = T1—~2) m

are derived in Section 3.3. In particular, for p = 1 and ¢ = sup{Rf(¢) : [¢| <
R} inequality (3.1.3) and formula for Ki(v,«) imply the Hadamard-Borel-
Carathéodory inequality (1.1.2).

In Section 3.4 we show that the constant Ko (7, «) is equal to

1/2

: 2 2
4 {sinalog ysina+ (1-7 1COS ?) + cos avarcsin (y cos a)} .
4 (192"
We note, that by (3.1.3) with ¢ = 0,p = oo and by formula for K (v, )
with @ = 0, and o = 7/2 one gets the estimates (3.1.1), (3.1.2). Besides,
(3.1.3) with ¢ = 0,p = oo and the above formula for K. (v,«) imply the
sharp inequality

)= 701 < 21og (FE0) 1R (3.7

—r
A direct corollary of (3.1.3) with p = oo and the formula for K. (v, @) is the
explicit sharp estimate for |[R{e’*(®)(f(2) — £(0))}| by Ons(Dg) which stands
for the oscillation of the real part on the disk Dpg.

Section 3.5 contains corollaries of (3.1.3), (3.1.4) and (3.1.5) giving esti-
mates for the modulus of the increment at zero of the real or imaginary parts

of an analytic function. In particular, we find an explicit formula for K, (v, 0)
with p = 2n/(2n — 1). For instance,



3.2 Estimate of [R{e'*Af}| by the L,-norm of Rf — ¢ on the circle 39

1/4

3+ 792

Ky/3(7,0) 7{4773(1_'72)3} .

For a = 7/2 and any z with |2| = r < R, inequality (3.1.3) and formulas
(3.1.4), (3.1.5) imply the estimate

3/(2) = SF(0) < RTPK, (r/R, m/2) By (R). (3.1.8)

In general, (2.1.5) and (3.1.5) lead to the inequality Cp (v, @) < K, (7, o) which
becomes equality for some values of p and «. In particular, this is the case
for p = 2. We also show that K,(y,7/2) = Cp(7,7/2), that is the inequality
(3.1.8) holds with the sharp constant defined by (2.1.7).

In Section 3.6 we deduce a sharp estimate for the oscillation of
R{e’*=) f(2)} on a subset of Dg stated by the oscillation of the real part on
Dpg. The constant in that estimate is specified for symmetric with respect
to the origin subset of Dg. This, in turn, leads to sharp inequalities for the
supremum modulus of the increment of an analytic function, as well as for
the oscillation of the real or imaginary parts by Oxs(Dg). Such estimates for
the oscillation of the real and imaginary parts in the disk D,.,r < R, are well
known (see Koebe [53], Polya and Szegé [76], III, Ch. 6, § 2).

The last Section 3.7 contains analogues of (3.1.3) with p = oo for
IR{e? ) (f(2) — £(€))}] in the disk and the half-plane. These estimates im-
ply sharp inequalities for | f/(z)| with explicit constants. In particular, if f is
analytic function in D with bounded Rf, then for any point z € Dg

£ < s Ons (D). (319)

This inequality is used in the next chapter. Note that (3.1.9) is an analogue
of (1.7.5) and (2.6.13).

3.2 Estimate of |R{e‘*Af}| by the L,-norm of Rf — ¢
on the circle. General case

The next assertion is basic in this chapter. It contains a representation of the
best constant in the estimate of |R{e!**)Af(2)}|, |2| < R, by the L,-norm
of Rf — ¢ on the circle |z| = R, where ¢ is an arbitrary real constant. As a
direct corollary, we obtain sharp estimates for |R{e?*(*) Af(2)}| with the best
approximation E,(Rf) of Rf by a real constant in the norm of L,(0Dg) in
the right-hand side.

Proposition 3.1. Let f be analytic on Dg with Rf € hy(Dgr), 1 < p < co.
Further, let a(z) be a real valued function, |z| < R, and let ¢ be a real constant.
Then for any fized point z,|z| = r < R, we have
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RGO AF()}] < Ky (20(2)) RS = cll, (3.2.1)
with the sharp constant K,(z, a(z)), where

1 r
Ko(z,0) = = K, (R,a) : (3.2.2)

and the factor

K )_l /7T cos(gofoz)f*ycosaqd 1/a (3.23)
Y= x| 1=2vcosp+~2 v o
is an even w-periodic function of o, 1/p+1/q = 1.
In particular,
IR{“F)Af(2)} < Ky (2,a(2)) Ep(Rf), (3.2.4)

where the notation E,(g) is defined by (3.1.6).

Proof. 1. Representation of the sharp constant in inequality (3.2.1). By (1.3.3),
(1.3.4) and (1.4.3), we have

1

R{cAf(2)} = 7R n Gz.a(O{RS(C) — c}ldd], (3.2.5)

where ¢ is an arbitrary real constant. By (3.2.5) we obtain the formula
Kplz,0) = —5 Gl (320)
TR
for the sharp constant KCp,(z, ) in
[R{ A ()} < Kp (2,0) [IRS = cll,-
Now, suppose 1 < p < co. Combining (3.2.6) with (1.3.4) and (1.3.5) we

have Y
1 T ,yeia q q
e[ ()
p R g el(t—T) —

which, after the change of variable ¢ =t — 7, becomes

1 g el
]CP(Zva) = TR1/P {/Tr R (eitp —’Y>

Using the notation

Ko =+{ [

q 1/q
dga} . (3.2.7)

q 1/q
dgo} , (3.2.8)
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we write (3.2.7) as
1 r
Koler0) = i B ()

which together with (1.3.6) proves (3.2.2) and (3.2.3) for 1 < p < 0.
The equality (3.2.3) with p =1 (¢ = o0) results from the limit relation

[lglloo = Tim {|g[g-
q— 00

Inequality (3.2.4) follows directly from (3.2.1).

2. Properties of Kp(y,a). The m-periodicity of K,(v,®) in a follows di-
rectly from (3.2.8). One shows that K,(v,«) is an even function of « in the
same way as in Proposition 2.1. O

Writing (3.2.8) as

o ) 1/q
=7 €
Ky(r0) = 1 {/|<|-1 R () d<|}

and making the change of variable ( = (w + v)/(1 + yw), we obtain

, 1/q
__ [R{c(y+ @)}
Kp(f}/,a) - 7T(1 _ 72)1/;, {_/wl—]_ Il +’yw|2 |dw| .

Hence, K, (v, @) can be given in the form different from (3.2.3):

v {/” |cos(1) — @) — ~y cos ar|?

1/q
d . (3.2.9
(1 =)V | x  1=2vycostp+72 1/)} (3:29)

KP(’Y7 Ot) =

We give two more corollaries of Proposition 3.1. The first of them follows
by putting a(z) = —arg Af(z) in Proposition 3.1 and taking into account
that Kp(vy,a) is even in a.

Corollary 3.1. Let f be analytic on Dg with Rf € hy(Dgr), 1 < p < oo.
Further, let ¢ be a real constant. Then for any fized point z,|z| = r < R, the
estimate

[Af(2)] < Kp (2,arg Af(2)) [IRF = cllp (3.2.10)
holds with the sharp constant KC,,(z, @), given by (3.2.2) and (3.2.3).

The next corollary is an analogue of (2.2.5). It results from (3.2.4) with
a(z) =0 and log f in place of f.
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Corollary 3.2. Let f be an analytic and zero-free function on Dg with f(0) =
1, and let log |f| € hp(DRr),1 < p < oo. Then for any z with |z| = < R there
holds

|log |£(2)|| < Cp(2,0) By (log |f]) (3.2.11)

or, in equivalent form,

exp { ~Kp(2,0) Ep(log|f])} < [f(2)] < exp {Ky(2,0) Ep(loglf])},

where the constant K, (z,0) is given by (3.2.2) and (3.2.3) with a = 0, and
E,(g) is defined by (3.1.6).

The values of K, (z, «) for p = 1,2, 00 and corresponding inequalities from
Proposition 3.1, Corollaries 3.1 and 3.2 will be given in the next sections of
this chapter.

3.3 The cases p =1 and p = 2

Next, we present the inequalities from Proposition 3.1 and Corollary 3.2 with
explicit constants for p = 1. They follow from (3.2.1) and (3.2.11), combined
with (3.2.6) for ¢ — oo as well as (1.3.4) and Lemma 1.2.

Corollary 3.3. Let f be analytic on Dg with Rf € hi(Dg). Further, let a(z)
be a real valued function, |z| < R, and ¢ be a real constant. Then for any fized
point z,|z| =1 < R, the sharp inequality

r(R+r|cosa(z)|)

|§R{ewz(z)Af(Z)}| < WR(RQ —T2)

[IRf = clh (33.1)

holds.

Corollary 3.4. If f is an analytic and zero-free function on Dg with | f(0)] =
1, log|f| € h1(DRr), then for any z with |z| =r < R the inequality

r

|10g|f(2)|’ < m

B, (log| f]) (33.2)

holds.

Note that inequalities (1.6.4) and (1.6.6) are consequences of (3.3.1). In
fact, putting
c¢= sup Rf({)
ICI<R

into (3.3.1) with p € (r, R) and passing to the limit as p T R, we arrive at

2r(R + r|cosal) sup RAF(C).

R{e>A
(e Af)) < T T s
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The last inequality contains both (1.6.4) and (1.6.6).

Consider the case p = 2 in Proposition 3.1 and Corollary 3.2. By (3.2.6)
with p = 2 and (2.3.8),

Kao(z,a) = m (3.3.3)
Note also that
Ey(Rf) = [[Rf — RF(0)]]2. (3.3.4)

Indeed, we have

Imﬂ%m={R/nWUwﬂ—d%%Ua

which implies the representation

™

. ) 1/2
Ba(f) = win %) — el = {7 [ [Rr(Re) - AP}

—T

where

Ao =5 [ RIR )1 = R5(0)

which gives (3.3.4).

By (3.3.3) and (3.3.4), inequalities (3.2.4) and (3.2.11) with p = 2 coincide
with (2.3.5) and (2.3.10), respectively. Hence estimates (2.3.5) and (2.3.10)
are corollaries of the next assertion which follows from Proposition 3.1 and
(3.3.3).

Corollary 3.5. Let f be analytic on Dg with Rf € hao(DRg). Further, let a(z)
be a real valued function, |z| < R, and ¢ be a real constant. Then for any fized
point z,|z| =1 < R, the sharp inequality

r

/TR(R? —1?)

R{eDAf(2)} < IRf — cl|2 (3.3.5)

holds.

3.4 The case p = o©

The next theorem contains sharp constants in (3.2.1) and (3.2.4) for p = oo.
When using (3.2.4) with p = co we take into account that

EwulRf) = 5Ons (D). (3.4.1)
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where Ox(Dg) is the oscillation of Rf on the disk Dg. Note that (3.4.1) is
true since the minimal value in

Eo(Rf) =min||Rf — ¢||cc = min sup |R —c
(Rf) = min %7 ~ clloo = min sup [7(C)

is attained at ¢ = (Ay(R) + By(R))/2, where Af(R) and By(R) are the
supremum and the infimum of £ f on the disk Dg, respectively.

Theorem 3.1. Let f be analytic on D with bounded Rf. Further, let a(z)
be a real valued function, |z| < R, and ¢ be a real constant. Then for any fixed
point z,|z| = r < R, the inequality

r

R Af () < Koo (1

a(2) IIRf = elloe (3.4.2)

holds with the sharp constant

Koo(y,0) = = {Sinalog ysina (1-9? 2082 a)'”
™ (1-92)'"
+ cos v arcsin (7y cos @) } (3.4.3)
In particular,

IR{e®Af(2)}| < %Koo (%,a(z)) Ot (Dp). (3.4.4)

Proof. By Proposition 3.1,
Koo(z,a) = Koo (r/R, v), (3.4.5)

where

-2 [,y

which implies (3.4.2) with the sharp constant (3.4.6). Estimate (3.4.4) results
from (3.2.4) with p = co together with (3.4.1) and (3.4.5).

We evaluate the integral in (3.4.6). By Proposition 3.1, Ko (7, @) is a
m-periodic and even function of a, therefore we take 0 < av < /2.

Since for any z,|z| < R, there holds

[t
=1 (C=2)¢ 7
it follows that

ez ™ cos(¢p —a) —ycosa
o=" k= dp.
{/C—l i(¢ —2)¢ C} Py/ﬂr 1 —2ycosp+ 2 ¢




3.4 The case p = o0 45

Using the last equality and (3.4.6), we conclude

2y [Y2(?) cos(p —a) — ycosa
Ko(v,a) = —/ do, 3.4.7
(7,0) T Jyi) 1—2ycosp+192 ( )

where
P1(a) = o — arccos(ycosa),  1ha(a) = a + arccos(y cos ). (3.4.8)
By (3.4.7) we have

1
Keo(y,a) = ;{2711(7, o) sin a+ ((1—72)12(7, a)—I3(v, a)) cos a}, (3.4.9)
where
2 (@) sin
Li(y,0) = / de, 3.4.10
1( ) wl(a) 1—27008@4—72 ( )
2(c) d
¥
L(y,a) = / )
2(7,) dr(a) 1 —2vcosp+92
2(c)
Iz3(v,a) = / dp = 2arccos(7y cos ). (3.4.11)
P1(a)

We evaluate the integral (3.4.10)

2 7sina+(1—72c082a)1/2

Ii(y,a) = —log (3.4.12)
v (1-92)""
Next, note that
2 1 t2(a)
I(v,a) = 5 arctan (M tan SD) ’ ,
L=y 1—7v 2 ) lpi(e)
because
T —
arctan z — arctany = 7 + arctan g (3.4.13)
+ xy
Hence
Ly (tan Y2(@) _ tan wZ(a))
T— 2 2
Ly(v,a) = T2 7t arctan 5 (3.4.14)
-7 1+ (}j—;) tan ¥2{%) tap Y2()

The conditions 2 > 0 and zy < —1, necessary for (3.4.13) to hold, are satisfied,
since by (3.4.8) and 0 < a < 7/2,

do(a) Wa(a)  1-v
2 2 1+7

—— >0, tan
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Combining this with

tan Ya(a) . Y1(e) _ 2sin (arccos(y cos )
2 2 (1+79)cosa
and (3.4.14), we find
Ir(v,0) = 5 {7? + arctan — (arccos(y cos)) } ’
- —7y COS &
that is )
L(y,a) = 2 (71' — arccos(y cos a)).

This and (3.4.11) imply

(1 =)y, @) — I3(7, @) = 2<7T — 2 arccos(7y cos a)),
which together with arcsinx = (7/2) — arccosx gives
(1 =) a7, a) — I3(y, a) = 4arcsin(y cos ).

The last inequality together with (3.4.9) and (3.4.12) leads to (3.4.3). O

The next corollary specifies inequality (3.4.2). Namely, it contains the es-
timates for |RAf(2)],|SAf(2)] and |Af(2)| by ||Rf — ¢||oo, Where ¢ is an
arbitrary real constant. In particular, two first inequalities below imply (for
¢ = 0) estimates (3.1.1) and (3.1.2). We show that the right-hand side of the
inequality for |[SAf(z)] is, in fact, the sharp majorant for |[Af(z)].

Corollary 3.6. Let f be analytic on Dg with bounded Rf. Further, let ¢ be
a real constant. Then for any fized point z,|z| = r < R, the inequalities with
sharp constants

4 . T
IRAF(2)] < ;arcsm(ﬁ) IRF = ¢l]oc, (3.4.15)
2 R+r
23 < — — 4.
|\9Af(z)|_ﬂ_logRir||3%f ||oos (3.4.16)
2 R+r
< — — 4.
AfG)] < Zlog RS el (3.4.17)

hold.

Proof. 1. Inequalities for |RAf(z)| and |Sf(z)|. Inequalities (3.4.15) and
(3.4.16) follow from (3.4.2) and (3.4.3) with a(z) = 0 and a(z) = 7/2, re-
spectively.
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2. Inequality for |Af(z)]. Since K (7, ) is an even and m-periodic in «,
we have

max{Ko(7,0): -7 < a <7} =max{K(v,a): 0 < a < 7/2}. (3.4.18)

We show that K (7, ) is an increasing function of o on [0, 7/2] and hence

2 1
mac{ Koo (7,0) 10 < @ < 7/2} = Ku(7,7/2) = = log 11% (3.4.19)
Let us consider Ko (7, @) for 0 < a < 7/2. In view of (3.4.3),
OKo(y,0) _ 4 1 ysina + (1 - 4% cos? ) 3.4.20
T—;{cosa og TETDIE (3.4.20)

— sin acarcsin(7y cos @) }

Using the equalities

ysina + (1 — 42 cos? a)l/? vsina dt
cos alog 5N1/2 =cos« —_
(1=19?) 0 VI—2+¢2

7y cos o dt

0 \/1—1527

sin aarcsin(7y cos @) = sin «

and the estimates
/’Ysmo‘ dt ~sin « cos o
COs (v > ==
0 VI=2 42 /1-~2+42sin’a
. /WCOSQ dt ~sin a cos ~sin «cos o
sin « < = B
0 VI—t2  /1-22cos2a /1—12++2sin’a

which follow from the mean value theorem for o € (0,7/2), we obtain from
(3.4.20)

oK

o),
Oa

Thus, K (7, @) increases on the interval [0, 7/2], and by (3.4.2), (3.4.18) and

(3.4.19) we arrive at (3.4.17). O

The next assertion contains particular cases of (3.4.4) giving estimates for
(RAf(2)], [SAf(2)] and [Af(2)].

Corollary 3.7. Let f be analytic on Dy with bounded Rf. Then for any fixed

point z,|z| =r < R, the sharp inequalities

IRAf(2)| < %arcsin (%) Oxs(Dr), (3.4.21)
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1 R+r

ISAf(2)] < p log T Ox¢(Dr), (3.4.22)
1 R+r

|Af(2)] < ;log o, Oxf(Dr) (3.4.23)

hold.

Proof. Inequalities (3.4.21)-(3.4.23) follow from relations between sharp con-
stants in (3.4.2) and (3.4.4) together with Corollary 3.6. O

Next, we specify (3.2.11) for p = oo in terms of

My (R) = |Zu<pR|f(C)\ and mys(R) = Ki‘nglf(C)l,

where f is an analytic and zero-free function on Dg.

Corollary 3.8. If f is an analytic and zero-free function on Dg with f(0) =
1, and log|f]| is bounded, then for any z with |z| = r < R the inequality

|log |f(2)|| < %arcsin <%) log </\T:;((]§))) (3.4.24)

holds.

Proof. Inequality (3.4.24) results from (3.4.21) after replacing f by log f with
f(z) #0 for |z| < R, |f(0)| = 1, together with

Olog ||(Dr) = log My (R) —logmy(R).

Estimate (3.4.24) is a particular case of (3.2.11) for p = oo, where
1
Eoo(log |f‘) = 5010g|f\(DR)'

Inequality (3.4.21) is a corollary of the Schwarz Arcussinus Formula. In
fact, putting f — ¢ in place of f in inequality (3.1.1) and minimizing in ¢, we
arrive at (3.4.21).

Note that estimate (3.4.21) with f(0) = 0 does not coincide with the
inequality

IRF(2)] < %arctan (%) Oy (Dr), (3.4.25)

obtained by Koebe (see [53], p. 70) for functions f vanishing at z = 0.

The next section contains corollaries of Proposition 3.1, generalizing
(3.4.21) and (3.4.22) for p € [1,00] in view of Ex(Rf) = Oxs(Dr)/2. A
different proof of (3.4.22) was given by Koebe in the above mentioned paper.
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3.5 Inequalities for the real and imaginary parts

3.5.1. Sharp constant in an inequality for the real part

The next assertion follows from Proposition 3.1 and (3.2.9) with o = 0
together with Corollaries 3.3, 3.5 and 3.6. We shall use the notation Kg ()
in place of K,(v,0).

Corollary 3.9. Let f be analytic on Dg with Rf € hy,(Dgr), 1 < p < oo.
Then for any fized point z,|z| = r < R, there holds

IRAf(2)] < R™VPKg, (r/R) Ey(Rf)

with the sharp constant

~
Ky =——,
71(7) 7T(1—’7)
and
Kpp(y) = — 2/7r jcosp =, v (3.5.1)
RlT) = (1l —~2)1/p o 1—2vcosp+ 92 7 o
for1 < p<oo.
In particular,
Kna(y) = —— K oln) = = aresi
= oo(y) = —arcsinny.
®,2(7Y (-2 R,00Y - v

Note that (3.5.1) can be written as

Kgp(v) = # {2/0”

Hence, straightforward calculations for ¢ = 2n imply

1—2ycosp+ 2|

1
1—~2

dp 1/q
1 —2ycosp + 2 '

L

e on k-1 oy Sk —1N2 A2m o

K, g, (7) = (2m) 7 {H,;;(_l)k(’f)( o )u—w} .

For example, »
K%,4/3(7):7{M} :

3.5.2. Sharp constant in an inequality for the imaginary part

Comparing the formulas (2.2.2), (2.2.3) and (3.2.2), (3.2.3) we conclude
that the sharp constants in the inequalities

[R{“BPAf(2)}] < Cp (2,a(2)) [IRAS |y,
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[R{" G Af(2)}] < Ky (2,0(2) IRF —cll,

are related in general as Cp(z,a) < Kp(z,a). For example, by (2.3.1) and
(3.3.1),

r

(R + r|cosal)
m(R? —r?)’

r

Ci(z,0) = Ki(z, ) = TR(R? — 1?) :

However, for certain values of p and « the equality Cp,(z, o) = K, (2, @) may

hold. This is, clearly, the case for p = 2 in view of (2.3.5) and (3.3.5).
Another case of equality is

Cp(z,m/2) = Kp(z,m/2) (3.5.2)

for any p € [1, 00]. Indeed, in the proof of Corollary 2.6 it was shown that for
a = /2 the minimum in A in (2.2.3) is attained at A = 0. Hence, comparing
(2.2.3) and (3.2.3) for a = 7/2 and taking into account (2.2.2), (3.2.2) we
arrive at (3.5.2).

Thus, by Corollary 2.6 and (3.5.2), together with Proposition 3.1, we ob-
tain the following inequality for |3Af(z)| by the best approximation E,(Rf)
of f by a constant on the circle || = R in the norm of L,(0Dg). We shall
denote K, (7y,7/2) by Kg (7).

Corollary 3.10. Let f be analytic on Dg with Rf € h,(Dgr), 1 < p < 0.
Then for any fized point z,|z| = r < R, the inequality

ISAf(2)] < RTVPKg, (r/R) Ey(Rf)

holds with the sharp constant

K%,l('y) = ﬁ,
and
_ () U (1= 2)a-n/2 M
K%’,p(V) = on {2/1 szdt}
= (r—1)/p
= % {2 [1 — %2(,}/)]1/(2—21)) nz::OB <§Z_;7 2n2+ 1) %2”(7)}

for 1 < p < oo, where x(y) = (27)/(1 ++2) and B(u,v) is the Beta-function.
In particular,

o 2
Kgo(v) = W> Ky oo(7) = ;log

Formulas for Kg ,(v) = Cg p(y) for even and odd values of ¢ = p/(p — 1)
were given in Sect. 2.5.

1+~
11—~
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3.6 Estimate for the oscillation of R{e**f} and its
corollaries

In this subsection we obtain a sharp estimate for the oscillation of R{e'f}
on a set G C Dp by the oscillation Oy (Dg) of the function Rf on the disk
Dpg. The following assertion holds.

Theorem 3.2. Let f be analytic on D with bounded Rf. Further, let G be
a subset of Dg. Then for any real o the inequality

z,E€EG

sup [R{ (1) = F©)}] < 5 Fee (f;epg"”(z’@’ a) On(Dr) (36,1

holds with the sharp constant, where K (7, ) is given by (3.4.3), and

R(§ - 2)

V(:8) = = (3.6.2)

Proof. Let £ be a fixed point of the disk Dg and let z = R({ — Rw)/(R —
Ew), |w| < 1. If f obeys the conditions of the theorem, the function

R(¢ — Rw))

G =

is analytic in D; and its real part is bounded in D;.
By Corollary 3.1, F(w) satisfies
[R{e"AF(w)}] < Koo (Jwl, @) [[RE — cl|oo,

where Koo (7, @) is defined by (3.4.3). Hence, returning back to the variable
z, we find

[R{e™ (f(2) = FO)H < Eu (12(2,6)], a)[IRf = clloo, (3.6.3)

with ¥(z, &) defined by (3.6.2).
Tt follows from (3.4.3) that

0K (7, 4 1 in?
(v a):— (sm a2+0082a)>0.

oy Ty/1—72cos2a \1—7

Since Koo (7, ) is an increasing function of v, the sharp inequality (3.6.1)
results from E.(Rf) = Oxs(Dgr)/2, and (3.6.3). O

In particular, for a set G, symmetric with respect to the origin, we arrive
at the following assertion.
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Corollary 3.11. Let f be analytic on Dg with bounded Rf. Let G be a subset
of Dgr such that z € G implies —z € G, and let diam G = 2d. Then for any
real o there holds

2dR

i 1
sup [R{e (1)~ D < 5 Ko (i

Oz) O%f(DR) (3.6.4)
z,6€G

with the sharp constant, where Ko (v, a) is given by (3.4.3).
In particular,

zsguepe IRf(2) — RfF(O] < %arctan (]i) Oxs(Dr), (3.6.5)
s [31() = 9£()] < 2oz (5 ) OnsD) (309

and 2 R+d
sup [~ £O] < 2108 (75 ) Ows(Dw). (307

Proof. Since for some 9 the point de” belongs to G, and

|LZ/(z £)|2 _ R2(|Z‘2 - 23?(26) + ‘£|2) 1 (R2 — ‘z|2) (R2 _ ‘€|2)
ST RIORPREG) +EPIER T RY - 2RPR(EE) + [EPIP

it follows that the maximum of || on G'x G is attained at z = de'’, ¢ = —de®,

ie.
1/2
[ ®-a\* 2R
e (2,1 = {1 (R? + d?)? - R2+44?’
which by Theorem 3.2 proves (3.6.4).
It follows from (3.4.3) that

K 2d7R 0 —éarcsin 2d7R —§arctan ﬁ
C\R? + a2’ o RR+d2) 7 R)’

which together with (3.6.4) gives (3.6.5). Inequality (3.6.6) follows from
(3.6.4) and (3.4.3) with a(z) = 7/2. The estimate (3.6.7) results from(3.6.4)
and (3.4.3) combined with (3.4.18) and (3.4.19). O

Inequality (3.6.5) for the oscillation of the real part in the disk D,.,r < R,
was obtained by Neumann (see [71], p. 415). The estimate (3.6.6) with G = D,
for the oscillation of the imaginary part of the analytic function was found by
Koebe [53].
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3.7 Variants and extensions

Next we derive some estimates which follow from Theorem 3.1 by conformal
mapping.

As in Sections 1.7 and 2.6, we assume that G is a bounded domain in C,
bounded by a Jordan curve. Given an arbitrary point £ of G, by z = &(w) we
denote a function which maps D1 = {w € C : |w| < 1} conformly onto G so
that #(0) = &, and let w = ¥(z) denote the inverse mapping.

We keep the notation A¢ f(2) = f(z) — f(£), introduced in Chapter 1 and,
as before, write Af(z) instead of Agf(z).

3.7.1 Estimate of |R{e**(*) A¢ f(2)}| by the supremum of [Rf({) — |
in a domain. Estimate for the first derivative

By f(z) we denote a function analytic in G with bounded Rf. Then
F(w) = f(®(w)) is an analytic function in D; whose real part is bounded
in Dl.

Let a be an arbitrary real-valued function in G and let d(w) = a(®(w)).
By Theorem 3.1,

[R{e” M AF(w)}] < Koo (Jw], (w)) sup [RF(w) — ],

lwl<1

where K (7, «) is defined by (3.4.3). Hence, returning to the variable z, we
find a generalization of (3.4.2)

[R{ P Af(2)}] < Koo (1(2)], Oé(z))?elg RIA(QRE (3.7.8)
Putting here a(z) = —arg A¢ f(2), we obtain
[Acf(2)] < Koo (|#(2)], —arg Aef(2)) sup [Rf(C) —cl.

Then we divide both sides by |z — &|, use (3.4.3) and ¥(£) = 0, and make
passage to the limit as z — £. As a result we obtain the inequality

A ()|

7€)1 < 2 sup i (0) (7.9

with the sharp factor in front of the maximum.
Taking into account

. 1
min glelgmf(@ — ¢l = 50ns(G),

where Oy (G) is the oscillation of Rf on G, by (3.7.9) we obtain
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()] < @%,«(G). (3.7.10)

3.7.2 Estimate of |R{e**(*) A¢ f(2)}| by the supremum of [Rf(¢) — |
and an estimate for the first derivative in the disk

Let G = Dg and &(w) = R(¢ — Rw)/(R — &w). Then

W(z) = R(€ — 2)/(R? - 2€)
and (3.7.8) implies

R Acf(2)}] < Koo (R"f' a<z>) sup [RF(Q) — e (3.7.11)
|R? — &z I¢I<R

The last estimate coincides with (3.4.2) for £ = 0.
Now, the sharp estimate (3.7.9) takes the form

R up IRFC) — o, (3.7.12)

P&l < T S

where z is an arbitrary point of Dg. A corollary of inequality (3.7.12)

2R
! < —————Ons(D 3.7.13
|f (Z)| = 7T(R2—|Z|2) §)?f( R) ( )
is a particular case of (3.7.10) for the disk. The last estimate is somewhat
similar to the Carathéodory inequality

P )] < = sup [£Q)).

R? — |22 ¢1<r

3.7.3 Estimate of |R{e’*(*) A¢ f(2)}| by the supremum of [Rf({) — |
and an estimate for the first derivative in the half-plane

Consider the class of functions f analytic in the upper half-plane C; =
{z € C: Sz > 0} such that Rf is bounded in C,.

Given a fixed point £ € C,, we map D; onto C, using the mapping
z = (£ — &w)/(1 — w) whose inverse is w = (z — £)/(z — £).

The analogue of (3.7.8) for C is

m{eia(zmgf(z)}wmo('Z‘g' a(z)) swp [RF(Q)— |- (3.7.14)

|Z_E|’ ¢eCy

Hence, in the same way as in Section 3.7.1, we obtain the inequality
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()] < —— sup [RAO) ¢ (3.7.15)

Tz cecC
with the sharp factor in front of the supremum, where z is an arbitrary point

in C+
A direct corollary of the last inequality is the sharp estimate

1
|f'(2)] < S Oxf(Cy), (3.7.16)

where

Onp(Cy) = CSGUCIi Rf(C) - (ier& Rf(Q)-



4

Estimates for directional derivatives
of harmonic functions

4.1 Introduction

In the present chapter we deduce various estimates for directional derivatives
(in particular, for the modulus of the gradient) of harmonic functions inside of
a planar domain using various characteristics of harmonic functions and their
directional derivatives in the domain or on the boundary. These inequalities
follow from the estimates for analytic functions obtained in Chapters 1-3.
Henceforth in this chapter we assume that a real valued function is defined on
a set of points z = (z,y) of the real plane, while a complex valued function
is defined on a set of points z = x + iy of the complex plane. However, the
sets in R? and in C, which differ in notations of points, will be denoted in the
same way.

In Section 4.2 we obtain sharp pointwise estimates for the gradient of a
harmonic function inside of a bounded domain G C R? with Jordan boundary
in terms of certain characteristics of the function itself on G. Such character-
istics are the supremum of the increment, the supremum of the modulus of
the increment, and the oscillation of the function on G. Particular cases of
these estimates are given for the disk Dg. Similar sharp inequalities are given
for the upper half-plane R2 = {(z,y) e R? : y > 0}.

In particular, we show that for any harmonic function u in Dr and any
point z € Dpg the sharp estimates hold

Vul) € g b {u(O) — u(2)}

[CI<R
AR
[Vu(z)| < m |§|11<PR|U(C) —u(z)|,
Vu()| € —2_0,(Dp),

- om(R? = ]z?)



58 4. Estimates for directional derivatives of harmonic functions

where O, (Dg) is the oscillation of a function u defined on Dg. As corollaries of
sharp pointwise estimates for the gradient inside of the disk, we obtain precise
interior estimates for the gradient of a harmonic function in any bounded
domain.

Section 4.3 contains sharp estimates for the directional derivative of a har-
monic function inside of a domain by certain characteristics of the derivative
with respect to any fixed direction on the boundary. These inequalities imply
sharp estimates for the modulus of the increment of the gradient with right-
hand sides containing different characteristics of the derivative in the domain
with respect to a fixed direction. In particular, we obtain the sharp estimates

el f0uQ duE
) =901 = g g o {5 %5 )

du(¢) _ du(§)

o¢ ol

)

|z — &l — |z — ¢

where 2,£ € R?H and /¢ is an arbitrary fixed unit vector.

|W@—W@<2m0%““%gﬁw
Q CER?

Section 4.4 is devoted to estimates for directional derivatives and, in partic-
ular, for the gradient of a harmonic function in the disk. We show, for instance,
that a harmonic function u with bounded directional derivative Ou/0l in Dg
obeys the following sharp inequality at any point z with |z| =r < R

9R  (R+7\ ||du
< — -
Vuz)] < 77 log (R—r) H al

where [ is a unit vector such that the angle between [ and the radial direction
is constant. In particular, [ can be directed either normally or tangentially to
ODpg. A related theorem from Hile and Stanoyevitch [45] states that |Vu(z)]
has logarithmic growth as z approaches the smooth boundary G of a bounded
domain G under the assumption that the boundary values of a harmonic
function are Lipschitz.

4.2 Interior estimates for derivatives in a domain

In this section we are concerned with sharp or improved pointwise interior
estimates for the gradient of a harmonic function formulated in terms of some
characteristics of the function.

In the next assertion we assume that G is a bounded domain in R2,
bounded by a Jordan curve. By £ we denote an arbitrary fixed point of G. Let
z = ¢(w) be a conformal mapping of D; = {w € C : |w| < 1} onto G such
that @(0) = £ and let w = ¥(z) stand for the inverse mapping.

x

(2.6.11), (3.7.9) and (1.7.5), (2.6.13), (3.7.12). The result is contained in the
following assertion.

Given harmonic function u in G, we put f'(2) = u) — duy in (1.7.3),
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Corollary 4.1. For any harmonic function uw in G and any real constant c
the inequalities

[Vu(§)] < 2/7"(€)[ sup{u(¢) — u(§)},
CeG

VU] < 2 0/(6)] sup () ~ (), (@2.)
Vu(©) < ()] sup Ju() ¢ (422)
a ¢eG

with the sharp coefficients hold. In particular, for any z € Dg,

2R
VU < g s ()~ u(a)) (1.23)
4R
[Vu(z)] < m |<S|11<PR [u(¢) — u(2)], (4.2.4)
4R
[Vu(z)] < (B~ |-P) |?|I1<PR u(¢) — . (4.2.5)

As a particular case of (4.2.5) one has

Vu(z)| < ——20

< WOU(DR). (4.2.6)

Now, let G' be a bounded domain in R?, z € G, and let d, = dist(z, 9G).
According to Protter and Weinberger ([77], Chapt. 2, Sect. 13),

2
< Ou(G 4.2.7
Vu()| £ —-0.(6) (12.)
for any harmonic function u in G, where O, (G) is the oscillation of the func-
tion w on G.

The estimate (4.2.7) can be improved. This simple application of inequality
(4.2.6) is given in the next assertion.

Corollary 4.2. Let z be a fized point in a bounded domain G C R?, and let
1 be a point on OG for which |n — z| = d,. Further, let R be the radius of
the largest disk lying entirely in G with center on the straight line L passing
through z and n. Then, for any harmonic function u in G

Vu(z)| < —t

< mou(G). (4.2.8)
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The last estimate follows from (4.2.6) with |2| = R —d,, R > d,, and the
inequality O, (Dgr) < O,(G). We note that the factor
2R
m(2R —d.)

before 1/d, in (4.2.8) tends to 1/m, as z — 1, z € L, whereas the similar
coefficient in (4.2.7) is equal to the constant 2/7.

Analogously, from (4.2.5) we obtain the interior estimate for the gradient

4R
< - @@ _«a
[Vu(z)| < TR —d) sgpluh

where z € G and w is harmonic in D. The last inequality is a refinement of
the estimate

2
[Vu(z)] < d—sup|u| (4.2.9)
z G

which can be found in Gilbarg and Trudinger ([39], Ch. 2, Sect. 2.7). We note
also that (4.2.3) implies

2R
Vel = g L~ )

which improves the inequality

[Vu(z)| < { sgpu - u(z)} (4.2.10)

SN

(see [39], Ch. 2, p. 29).
Putting f'(z) = u}, — duy, in (1.7.10), (2.6.15) and (3.7.15), we arrive at

Corollary 4.3. For any harmonic function u in Ri and any real constant c
the sharp inequalities

Vu(z)| < & sup {u(¢) - u(2)},

Y ¢erz

Vu(z)| < %y sup Q) u(2)l.

2
|[Vu(z)| < — sup |u(¢) — ¢ (4.2.11)
Y ¢er?

hold at any point z = (z,y) € R2.
As a particular case of (4.2.11) one has

1 2
< —
Vu(a)] < — Ou(R})

2
for every z € RY.
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4.3 Estimates for directional derivatives with constant
direction

In this section we reformulate inequalities for analytic functions obtained in
the three preceding chapters for directional derivatives of harmonic functions.

We are going to present sharp estimates for the increment of the directional
derivative and the gradient of a harmonic function inside of a domain using
various characteristics of directional derivatives.Within this section by £y we
mean a unit vector at an angle 9 with respect to the z-axis.

In the next statement we assume that G is a bounded domain in R2,
bounded by a Jordan curve. Putting a(z) = a = const and

3 (0w Ou
= — —ir— 4.3.1
s = (5e-i5) (43.1)
in (1.7.1), (2.6.10) and (3.7.8), and using the equalities
2 1
max C (7, @) = max Koo (7, @) = = log 7
« a T 1—7v

(see Corollaries 2.4, 3.6), we arrive at

Corollary 4.4. For any harmonic function u in G any real constant ¢ and
any points z,€ € G the sharp inequalities

ou(z) _ ou(e) _ 2W(2)| (1 |7(:)|cosa) {au@) _0u(g) }
Olors  Olats 1= (2)P ce 0ty otg

du(C) _ du(§)

)

du(z)  du(§)
Oorp  Oloip

du(z)  Ou(§)
Moyp  Olotp

< Cux | 1P(2)],
<C (| (Z)| Oz) Egg 865 865

0|

9lg

< Ko <|W(z)|, oz) sup
CeG

hold with arbitrary constants a, 3 and the coefficients Coo(y, ), Koo(7, )
defined by (2.4.2) and (3.4.3), respectively.
In particular,

20 (2)| du(§) _ du(§)
|w(z>—w<f>|<1_¢(z)§gg{ or ol }

[Vu(z) — Vu(§)| < %log <ﬁ£gi;:) Sgg 813(;) — 873(5) ) (4.3.2)
[Vu(z) — Vu(§)| < %log (1 i_ :ggz;D ?1618 81(;(;) —, (4.3.3)
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where £ is an arbitrary fixed unit vector.
As a particular case of (4.3.3) one has

1 1+ |U(z)]
Vule) - Va9 < 2iog (553 ) Onugan()

Remark 4.1. Each inequality in Corollary 4.4 can be written, in particular,
for the disk Dg and an arbitrary point £ € Dgr. We arrive at corresponding
estimates putting #(w) = R(¢ — Rw)/(R — £w) and setting ¥(z) = R(£ —
2)/(R? — 2€) in Corollary 4.4. For example, inequality (4.3.2) takes the form

B2 — 2| + Rl¢ - 1) [ 240 _ 2019
IR? — 2€| — RI¢ — 2| ) \q<r| Of ac |

V() - Val)] < 2 tog (

Next we write explicit sharp estimates for the increment of the directional
derivative and the gradient of a harmonic function in the half-plane. Putting
a(z) = a = const and combining (4.3.1) with (1.7.9), (2.6.14), and (3.7.14)
we obtain the following assertion.

Corollary 4.5. For any harmonic function u in Ri, any real constant ¢ and
any z,& € Rf_ the sharp inequalities

du(z)  du() < 2|z = &|(Jz — & — |z — &| cos @) sup {au(C) B 3u(§)}
latrp  Olatp ~ |z = €2 = |z — &J? cerz | 0lg  0lg |’

< Cwx (|z—€|7 a) sup
|z =&l CeR?

du(C) _ du(§)

’ Ou(z) _ Ou(§)

orp  Oloys s ol |’
Qu(z)  du() | _ (sz a) sup du(¢) _C‘
Marp  Olayp| ™ |2 =€ ) cerz | Ols

hold with arbitrary constants «, B and the coefficients Coo(y, ), Koo(7, @)
defined by (2.4.2) and (3.4.3), respectively.
In particular,

e (OO 0w
) =901 = g {5 %)

u(C) _ du(§)

ov ol

)

B 2 |Z—€|+|Z—§I)
Vu(z) = Vu(§)] < —log <|Z—€| P CseuR%
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u(C)
ot

V(=) - Vu(©)] < 2 log ("“"5') sup
e 2R

where £ is an arbitrary fired unit vector.
As a special case of (4.3.4) one has

- c‘ . (4.3.4)

|z — €l +]z — ¢

1
Fu(z) = Tufe)] < 1 o (2=

> Opusoe(RY).

4.4 Estimates for directional derivatives with varying
direction

Here we collect another group of sharp inequalities for directional derivatives
of functions harmonic in a disk. Unlike estimates in the previous section,
we take directional derivatives on the boundary in the directions having a
constant angle with respect to the radial vector.

In this section we put a(z) = o = const. By Iy we denote a unit vector
having a constant angle ¢ with the radial direction. As before, we use the
notation |z| =r.

The corollary below is based on an inequality for analytic functions
obtained in Section 1.4. This assertion contains an estimate of the directional
derivative of a harmonic function in the disk Dgr by the maximum of the
directional derivative on 0Dpg. The direction vector in question has a con-
stant angle with the radius.

Corollary 4.6. Let u be either a harmonic function on Dg in CY(Dg), or a
harmonic function on R*\Dpg in C1(R*\Dg). There hold sharp inequalities

ou(z) _2R(R—rcosa) ou
< max —,
Olo+s — RZ — 2 aDr Olg

r <R, (4.4.1)

Ou(z) _ 2R?*(r — Rcosa) Ou
< max —,
alaH; 7“(7”2 — RQ) ODg 815
where lg can be directed, for instance, either normally or tangentially to ODpg.
In particular ,

r>R, (4.4.2)

2R ou

< _
VRS R Ay

r <R, (4.4.3)

2 2
Vu(z)] < 22 Ou

_ — R. 4.4.4
Sir—Roebaa 7 (4.4.4)
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Proof. Inequality (4.4.1) can be deduced from (1.4.1) by putting

f(z)=¢€Pz <g; - z??) , (4.4.5)

where 3 € [0,27] and u is a harmonic function on Dg in C*(Dg). It fol-
lows from the sharpness of the constant in (1.4.1) that the factor 2R(R —
reosa)/(R? —r?) in (4.4.1) cannot be diminished.

Let u(z) be a harmonic function on R?\Dg in the class C*(R?\Dg). By
2* € Dg we denote a point symmetric to z with respect to the circle 0Dg: 2* =
R?/ z. The Kelvin transform of u(z) is u*(2*) = u(R?z*/|2*|?). Let (r, ) and
(r*,¢) be polar coordinates of z and z*, and let a(r, ) = u(z), @*(r*,p) =
u*(2*). Since u(r, p) = @*(r*, ) and rr* = R? we have

@ () = W(B2/r*, ).

This implies

Vur (2 ou* n 1 ou* r? 0a n r 0u
u \z = ———€px — €y, = ——5 —6€,p — e
or* r dp ¥ R? or R20p 7
and therefore ) o4 L o
T U U
()= = (e + — ey ) - 44.
Vu'(z") R? ( ar <" + r&pew) (4.46)

Let n = (m1,m2), |n| = 1 and let the unit vector n;e, + n2e, form a constant
angle 3 with the radial direction, i.e. nie, +n2e, = lg. Thus, —m e, +n2e, =
lr—p3 and by (4.4.6)

ou*(z*) r? [ou 104 2 Qu(z)
2\ 5, o = =5 . 4.4.
o,y R \or " 3 op " R2 0lg (4.4.7)
Therefore But (%) Bu(z)
u (z ulz
= . 4.4.
8l'rr—ﬁ r*=R 3l5 r=R ( 8)
By (4.4.1)
ou*(z*) < 2R(R —r* cos ) maxau (2 )
ala'f“ﬂ'—ﬁ R? — px2 0Dgr (9lﬂ—_5

This and (4.4.7), (4.4.8) imply

r? Ou(z) _ 2R(R—r*cosa) ou(z)
R? 8l5_a - R2 — p*2 IanDa}}: 8[5

Replacing here o by —a and using rr* = R? we arrive at (4.4.2) with the
sharp constant.
Inequalities (4.4.3), (4.4.4) follow immediately from (4.4.1), (4.4.2). O
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Using the equality
Ou(z)  Ou(z)
Olery  Oly’
and putting 7 4+ « in place of v in (4.4.1) and (4.4.2), we obtain the following
lower estimates for the directional derivative

ou(z) S _2R(R+rcosa) ax du
Olo+s — R2 — 2 ODgr alg’

r <R, (4.4.9)

Ou(z) S 2R?(R +rcosa) e ou
_ x =
Olats — r(r?2 — R?) dDR alg7
Setting o = 0 in (4.4.1), (4.4.2) and (4.4.9), (4.4.10), we get the two-sided
estimates

r>R. (4.4.10)

2R i Ou < ou(z) < 2R e ou
X — X ——
R —1r oDgr 8[57 (915 7R+TaDRalg’

r <R, (4.4.11)

3 2R? max@ ou(z) 2R? max%

r(r — R) 8Dr olg — 0l — r(R+ 1) 8Dr al,gl

Similarly, putting @ = 7/2 in (4.4.1), (4.4.2) and (4.4.9), (4.4.10), we
obtain

r>R, (44.12)

Ou(z) 2R? ou
— 4.4.1
‘3[24,_5 - R?2—1r2 nga;( 815’ r<R ( 3)
ou(z) 2R? ou
— . 4.4.14
‘m%ﬁ—ﬂ—mgﬁmy r> R (4.4.14)

All inequalities (4.4.9)-(4.4.14) are valid under assumptions in Corollary 4.6.

The next assertion is based on inequalities for analytic functions derived
in Sections 2.3-2.5. We give an estimate of the directional derivative of a
harmonic function inside or outside the circle dDpr by the Ly-norm of the
directional derivative on 0Dg.

Corollary 4.7. Let u be either a harmonic function on Dg with
R{ze"’ (u, — iul)} € hy(DR)
or a harmonic function on R*\Dp with
R{ze"’ (u, — iu})} € hy(R*\ D),

1 < p < . There the sharp inequalities

8u(z) R(p*l)/p r
< .
‘8la+/3 o r C (R, a)

u
dlg

r <R, (4.4.15)

)
p
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R(p—l)/p
<
oo ( ) Halﬁ

hold, where the coefficient Cp(7y, a) is given by (2.2.3). Here lg can be directed,
for instance, either normally or tangentially to 0Dg.
As particular cases of (4.4.15) and (4.4.16) one has

ou(z)
8la+ﬁ

) r> R, (4.4.16)

au

R
IVu(z) 1/ - 7«2 Hazﬁ (4.4.18)
V()| < 2 log (“)H , (4.4.19)
Olg ||
forr < R, and
R Ju
[Vu(z)] < o ) ’ 8[5 (4.4.20)
R
| < — A.
Vu(@)| < [ = r2 7 Halg (4.4.21)
2R r+ R
< — 4.
|[Vu(z)] - lo ( > Halg (4.4.22)
forr > R.
Proof. Applying inequality (2.2.1) to the function
; ou . Ou
_ i, [(Ou . Ou
Fo) = (Gh - igh).
we obtain Bul2)
u
o R 1 R (1423)

Taking into account (2.2.2) and (2.2.3), we arrive at inequality (4.4.15).
Now we pass to the case of a harmonic function outside a disk. Keeping
the notation used in Corollary 4.6 and replacing 8 by 7 — (3 in (4.4.23) we get

’ ou*(z*) ‘ < Cp(z*,0) R H ou*
Or—spll,

Olatn—p |2*|
which together with (4.4.7) and (4.4.8) implies

du(z)
g_q

R?

<Cp(z*,a)R Ou
g,

|2*]
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In view of the relation Cp(z, —a) = C,(z, @), proved in Proposition 2.1, and
the equality rr* = R? we can rewrite the last inequality as

‘ du(z)

< Cp (2%, )
Olgyal| ~

’ H o, (4.4.24)

Using again (2.2.2), (2.2.3) and the equality rr* = R?, we deduce

) 1 R
Cp (Z 704) = ch (T,Oé> .

Combining the last equality and (4.4.24), we arrive at (4.4.16).

Sharp inequalities for the gradient (4.4.17), (4.4.18) and (4.4.20), (4.4.21)
follow directly from (4.4.15), (4.4.16) and (2.3.3), (2.3.9) together with
(2.2.2). Finally, sharp estimates (4.4.19), (4.4.22) result from (4.4.15), (4.4.16)
together with relation (2.4.21). O

Putting o = 0,p = oo in (4.4.15), (4.4.16) and using (2.4.2), we obtain the
sharp estimates

‘8:;;2) < 4— arctan H@l r < R,

B r B

ouz)| AR ctan r> R. (4.4.25)
8[5 wr 8[5

Note that the constant in (4.4.25) does not exceed the unity, hence |9u/dig]|
obeys the maximum principle outside the disk.

For a = /2 the constant Cp(vy,7/2) = Cg () in (4.4.15) and (4.4.16)
was found in Section 2.5. In particular, from (4.4.15), (4.4.16) and (2.4.2) we
obtain the sharp inequalities

ou(z) < 2R 2R R +r r <R,
8l%+5 71'7“ 815
ou(z) < 2R 2R r+ R v >R
al%+@ 71'7“ 815




5

Estimates for derivatives of analytic functions

5.1 Introduction

In Chapters 1-3 we derived estimates (1.7.5), (2.6.13), (3.7.12) for the modulus
of the first derivative of an analytic function in the disk Dy with sharp factors
in the right hand-sides. In particular, the estimate

B p [RFQ) —

|f'(2)] < m o,

and its corollary
2R

(B2 — |2]?)

are closely related to the questions we address in the present chapter. Here we
obtain sharp pointwise estimates for the modulus of higher derivatives of an
analytic function f in the disk Dg. The right-hand sides in these estimates
involve the L,(0Dg)-norm of the real part of the difference of f and a polyno-
mial. Similar sharp estimates with the L,(0Dg)-norm of | f| in the right-hand
side were obtained by Makintyre and Rogosinski [69].

[F'(2)] < Osy(Dr)

We mention some known estimates for |f(™)(0)|,n > 1. If the real part of
f is positive in Dpg, then the following Carathéodory inequality holds

0] < 2 (0) (5.1.1)

(see Carathéodory [24]). Another known estimate

2n!

F0(0)] < T max R{F(C) — F(0)} (512)

" I¢I=R

for functions f analytic on Dg (see, for example, Holland [47], Ch.3,
Ingham [50], Ch. 3, Rajagopal [78]), is closely connected with the Carathéodory
inequality (5.1.1) and the Landau inequality
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7)< 2 maX{If )| = 1£0)]} (5.1.3)

R™ [¢|=R

(see Landau [62], I, § 4, pp. 33-34). Namely, the Carathéodory inequality
and the Landau inequality are corollaries of (5.1.2). Indeed, replacing f by
fe'* in (5.1.2), estimating then R{f(¢)e‘*} by |f(¢)| and using the equality
max{e®Rf(0) : o € R} = |f(0)] we deduce (5.1.3). Further, setting —f in
place of f in (5.1.2), we obtain

M) < = max R , 5.1.4
50O < 22 max RE70) - 70} (6.1.9
which implies (5.1.1) whenever ®f(¢) > 0 for |{(| = R. Another proof of
(5.1.1) is given by Aizenberg, Aytuna and Djakov [4]. A sharp estimate of
|f)(2)|/Rf(2), where f is analytic in Dr with Rf > 0 was obtained by
Ruscheweyh [82].

Among estimates of | f("™)(2)| by values of Rf on the circle |¢| = R, there is

a corollary of the Hadamard-Borel-Carathéodory inequality (1.1.3) (see, e.g.,
Holland [47], Ch. 3, Titchmarsh [87], Ch. 5)

2" 2R

ﬁmw{%f O) +1£(0)[}, (5.1.5)

£ <

where |z| =7 < R,n > 1, f is an analytic in Dg and Rf € C(Dg).
We note also that the inequality

n! My (R)]* = [£(0)]?

120 < 7 =

(5.1.6)

with f bounded on D and M;(R) being the supremum of |f(z)| on D, was
obtained by Landau (see [60], pp. 305-306) for n = 1 and by F. Wiener (see
Bohr [18], Jensen [51]) for all n. A proof of (5.1.6), different from that given
by Wiener was found by Paulsen, Popescu and Singh [73]. A generalization of
(5.1.6) is due to Jensen [51].

As a corollary of (5.1.6), Rajagopal [79] obtained the inequality

nlR [My(R)? - |£(0)2
(R —r)ntl My(R)

F™ ()] < (5.1.7)
for derivatives in any point z € Dg. Another direction of generalizing (5.1.6)
is related to the following so called invariant form of Schwarz’s lemma due to
Pick (see Garnett [38], Ch. 1, § 1 and Jensen [51], Lindel6f [64]):

: R IMG(R)P I ()P
PN g

(5.1.8)

The following sharp estimate for derivatives of f at an arbitrary point of Dg,
which includes (5.1.6) and (5.1.8),
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nlR My (R)? = |f(2)]
(R+r)(R—r) M (R) ’

1F™(2)] < (5.1.9)

is due to Ruscheweyh [83] who applied classical methods. A different approach
to Schwarz-Pick type estimates and their generalizations was worked out by
Anderson and Rovnyak [11], Bénéteau, Dahlner and Khavinson [13] as well as
by MacCluer, Stroethoff and Zhao [66]. Extensions to several variables can be
found in the articles by Bénéteau, Dahlner and Khavinson [13] and MacCluer,
Stroethoff and Zhao [66].

In the present chapter, we consider analytic functions in D with the real
part in h,(Dg), and obtain estimates with sharp constants for | f(")(2)[,n > 1,
z € Dpg, using various characteristics of $f on the circle |{| = R. As before,
|z = < R and || - ||, denote the L,-norm of a real valued function on the
circle || = R, where 1 < p < cc.

In Section 2 of this chapter we find a representation for the best constant
in the inequality

[F(2)] < Hap(IRLF = Prn}lps (5.1.10)
where n > 1, and Py, is a polynomial of degree m,m <mn — 1. From (5.1.10)

we obtain estimates with right-hand sides containing the best polynomial
approximation of Rf on the circle || = R in the L,(0Dg)-norm

[F™ ()] < Hap(2) En1,p(RS) (5.1.11)
with n > 1. Here and henceforth

Eyp(if) = inf (RS = PHlp,

CPe{F}

where the infimum is taken over the set {{;} of all polynomials of degree not
higher than k.

In Section 3 we find the values H,, ,(0) for 1 < p < co. For instance,

! n 4n!
Hn,1(0) = TR Hy2(0) = W’ Hn.00(0) = TR?

Section 4 concerns corollaries of inequality (5.1.10) for p = 1. First, we

prove the equality
n!

7(R —r)ntl’

where |z| = r < R. From (5.1.10) with p = 1 and m = 0 we deduce the sharp
estimate

Hni1(z) =

2n!R
2R R{FO) — FO)) (5.112)
(R =) ¢<r { }
where n > 1, and z is a fixed point of the circle |z] = r < R. The last
inequality can be viewed as a generalization of the real-part theorem (1.1.1)

1F™ ()] <
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to higher order derivatives. We also show that the sharp constants in (5.1.5)
and (5.1.12) coincide. For other proofs of (5.1.12) see Ingham ([50], Ch. 3)
and Rajagopal [78].

Similar sharp estimates are obtained when the right-hand side of (5.1.12)
involves the expressions

|slup {|%f ) — RSO )|} SUP {|f )| = 1£(0 )|}

as well as Rf(0) provided that Rf(¢) > 0 for || < R. As particular cases,
the estimates just mentioned contain the Landau inequality (5.1.3), and the
Carathéodory inequality (5.1.1).

The lower estimates for the constants in (5.1.12) and above mentioned
similar estimates are obtained with the help of a family of test functions
which are analytic in Dg.

In Section 5 we deduce corollaries of (5.1.11) for p = 2. In particular, we
show that the inequality (5.1.11) with p = 2 holds with the sharp constant

1 T
Hu2() = e tine (5)
where 12
Hy () = . {fj(”)?%}
m, - _ ~2)(2n+1)/2 ’
V(1 —~2)@nt+1)/ — k
and

n 2(§Rf

g

In Section 6 of the chapter, we deduce corollaries of (5.1.11) for p = oo
They contain an estimate for |f(™(z)| formulated in terms of

2

Ons(Dr) = Pei?‘lg }O%{ffp}(DR)a

where Oy (Dpg) is the oscillation of Rf on the disk Dg.

In Section 7 of the Chapter we derive sharp parametric estimates for
|f (")(2)| which include, in particular, certain inequalities obtained in Sec-
tion 4 as well as inequalities due to Ruscheweyh [82]. The role of parameter
is played by the distance from the origin to a point a € Dg placed on the
segment connecting 0 and z. Inequalities proved in this section will be ap-
plied in the next one to obtain sharp Bohr’s type estimates and theorems for
non-concentric circles.
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5.2 Estimate for |f(™ (z)| by ||R{f — Pm}||p- General
case

In the sequel, we adopt the notation

Epp(Rf) infm} [IR{f — P}Hp (5.2.1)

- Pe{PB

for the best approximation of R f by the real part of algebraic polynomials in
L,(0Dg)-norm, where {P,,} is the set of all polynomials of degree at most
m. The notation E,(Rf), introduced previously, coincides with Ey ,(Rf).

In what follows by P,, we denote a polynomial of degree m.

The following lemma will be used in the next chapters, in particular, in
the proof of the main assertion of this chapter.

Lemma 5.1. Let f be analytic on Dp with Rf € hp(Dgr),1 < p < oo. Then
for all real o and for any point z € Dy there holds

R(e™ () = 2 /CR%{(CEZZ;“}W(OWC" (5.2.2)

where n > 1, and

. ! n+l _ _ \n+l
menare) = 2y [ e {S S b, 629

where n > 0.

Proof. Differentiating with respect to the parameter z in the right-hand side
of (1.3.1), we obtain

OIS SN B S
S R ¥ P s IOl (5.2.4)

which leads to (5.2.2).
By (5.2.2), for n > 1 we have

L! R { Cn-‘rl - (C - Z)n+1
TR Jic=r (¢ —z)nticn

In view of Lemma 1.1, the last equality, i.e. (5.2.3), holds also for n = 0. O

R{e(f) () — f7(0)} = } RF(O)ldC].

We introduce the notation
Ceia
Gn,z,a(C) = %{(C_Z)nﬂ}a (5.2.5)

where |(| = R, |z| < R and « is a real constant.

The main objective of this section is
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Proposition 5.1. Let f be analytic on Dg with Rf € h,(Dgr),1 < p < 0.
Further, let n > 1, and let Py, be a polynomial of degree m < n — 1. Then for
any fixed point z,|z| = r < R, the inequality

|f(n)(z)‘ < Hn,p(z)H%{f - Pm}”p (5.2.6)
holds with the sharp factor
1 r
Hnp(2) = WHTL,]? (E) ) (5.2.7)
where
. 1/q
n! Ceza q
H, p(v) = —sup / %{} d¢ , 5.2.8
ap(1) = S { e ] (5.2.)
and 1/p+1/q=1.
In particular,
1F(2)] < Hop(2) Bt p(R). (5.2.9)
Proof. Using Lemma 5.1 and notation (5.2.5), we have
nl
£ ()] = 2 sup / G (O) RF(C) ldC]. (5.2.10)
TR oo Jic=r
The last equality implies the representation
n!
Hn’p(Z) = E sup ||gn,z7a”q (5211)

for the sharp constant H, ,(2) in
[F" ()] < Hop ()R] (5.2.12)

Suppose 1 < p < co. The case p = 1 (¢ = 00) in (5.2.11) is handled by
passage to the limit.
Representation (5.2.11) can be written, in view of (5.2.5), as

_nl £eth
e {/mzR 7]

We rewrite this representation to have it in the form stated in Proposition.
Setting z = re'7, £ = Re',p =t — 7 in (5.2.13), we obtain
q 1/q
Rdt}

n! 2mT Reitetf
n = — % - -, < T
H ’P(z) 7TR Sgp{~/¢ {(Rezt —7’67‘7-)”+1}
n! m P ReiveiB—nT) Y 1? R Ha
TR°E /0 { (Rete —r)ntl } i

) /a
n! CellB—n7) } a !
— RS2 d
7TRSl;p{/ld_R {(C_T)nﬂ g ,

q 1/q
d§|} . (5.2.13)
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where ( = Re’?. Putting here o = 3 — nt and using 27-periodicity of the
resulting function in «, we find
R Cez’a
=

|
Hnp(z) = :T;isgp {/|<|—R
Ceia
" { (C—y)nt! }

Adopting the notation
where v = r/R, we rewrite (5.2.14) as

q 1/q
|d§|} . (5.2.14)

n| q 1/‘1
Hyp(v) = ;'Sgp {/cu |d<|} , (5.2.15)

1 T
Hos (2) = ez e ()

which together with (5.2.15) proves (5.2.7) and (5.2.8).
Replacing f by f — P, with m <n—1 in (5.2.12), we arrive at inequality
(5.2.6), which leads immediately to (5.2.9). O

5.3 Estimate for |f(™(0)| by ||[R{f — Pm}|p

The following assertion contains an estimate for | f(")(0)| with explicit sharp
constant as a consequence of the representation for H,, ,(z) given in Proposi-
tion 5.1.

Corollary 5.1. Let f be analytic on Dg with Rf € hy(Dg),1 < p < oo.
Further, let n > 1, and let Py, be a polynomial of degree m < n — 1. Then

LA O)] < Hop(ONIRLS = Pl (5.3.1)
and the exact constant H, ,(0) is given by

n!

W fOT p= ].7
B (p—1)/p
D B G B R =)
n,p - 7.(.(p+1)/(2p)R(np+1)/p r (3p_2) fO'r' 1< p < 00,
2p—2
4n!
Wgn for p=oc.

In particular,
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n!
= JTRE@HD2

As a special case of (5.3.1) one has

H,2(0)

[FT(0)] < Hip(0) Br1 o (RS). (5:3.2)

Proof. Inequalities (5.3.1) and (5.3.2) are particular cases of (5.2.6) and (5.2.9)
for z = 0, respectively. We derive explicit formulas for H,, ,(0).

From (5.2.8) with p = 1 it follows that

eia
§R< n)‘supsup
¢ Cl=1 @

and, by (5.2.7), we obtain

H,, 1(0) = sup sup
a [(]=1

el 1
R ( >‘ = sup — =1,
¢ Icj=1 [¢|™

n!

Hn’l(o) = W

For 1 < p < o0, by (5.2.7) and (5.2.8) we have

QR eia >
(%

ol p/(p=1) (p=1)/p
Hpp(0) = —————sup / |d(| )
p TR+ /p "~ =1

Putting here ¢ = €%?, we find

nl 2m o) (»=1)/p
_ : _ p/(p—1
Hog(0) = — o sgp{ /0 | cos(ar — n)| d@} . (5.3.3)

Changing the variable ¥ = o — n¢p in the last integral, we obtain

27 a—2nm
1
/ | cos(av — ngo)‘p/(p_l)dsp = / |00519‘p/(p—1)d19
0 [e3

1 a 1 2nm
7/ | cos WP/ P~V = f/ | cos 9P/ P~ D)y
a nJo

n —2nm

2m /2
/ | cos 9[P/ P~V gy = 4/ (cos )P/ P~V dy.
0 0
Taking into account the equality

/2 s+1
/ cossgcdau':gr(2 )
0

gives
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2p—1
2 I (2(p—1>>
/ | cos(ar — ng)|P/ P Vdyp = 2/m ————£
0

r(at=h)

( 2p—1 ) (p—1)/p
2(p—1)

(%)

which together with (5.3.3) implies

Hn,p(o) = ni' Zﬁ

7 Rmp+1)/p

In particular,

by YL [IE@)
n,2( )* 7T3/4R(2n+1)/2 F(Z) - ﬁR(2n+1)/23

2n!  I'(1) 4n!

T VAR T(3/2)  ©R™

Hp,00(0)

5.4 The case p = 1 and its corollaries

5.4.1 Explicit estimate in the case p =1

In this section, we deal with inequality (5.2.6) for p = 1 and its consequences.
First we derive an explicit representation for H, 1(z).

Corollary 5.2. Let f be analytic on Dg with Rf € hi(Dg). Further, let
n > 1, and let Pp, be a polynomial of degree m < n — 1. Then for any fized
point z,|z| =r < R, there holds

117 ()] < Ha 1 (2)|REF = P} (5.4.1)

with the sharp constant

n!

Hn,l(z) — m

(5.4.2)

In particular,

1™ ()| € Hir (2) B0 (RF). (5.4.3)

Proof. Inequalities (5.4.1) and (5.4.3) are particular cases of Proposition 5.1.
Representation (5.2.11) for p = 1 can be written as
n! Ceia
RE—""—— 5.4.4
(5= 40

H,.1(2) = — sup su
n1(2) = aplquR
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Permutating the suprema in (5.4.4), we obtain the equality

n! (el n! ¢
Hn(z) = — sup sup %{}‘_ sup | ————|,
" TR (=R o (¢ —z)ntt TR |¢)=r | (¢ — )"
which proves (5.4.2). O

The next four assertions contain corollaries of inequality (5.4.1). They are
obtained in the following manner.

We put for brevity w = RPy(z). Letting first m = 0, we put in (5.4.1)
successively

w= sup Rf((), w= sup [Rf(()], w= sup [f()],

[CI<R ICI<R [¢|<R

and arrive at inequalities for derivatives of an analytic function with right-
hand sides

sup RAS(C), sup ARF(C)|,  sup A[f(()],
ICI<R ICI<R ICI<R
respectively.

The first of the resulting inequalities has the same right-hand side as that
in the Hadamard-Borel-Carathéodory inequality (1.1.2). It can be viewed as
a generalization to derivatives of Hadamard’s real-part theorem (1.1.1). We
shall also obtain a sharp constant in the related estimate (5.1.5).

The second inequality we shall get is similar to the third which contains
the Landau inequality (5.1.3) as a particular case.

Besides, we obtain estimates for derivatives of an analytic function subject
to the condition R f(¢) > 0 for ¢ € D with £(0) in the right-hand side. Such
inequalities generalize the Carathéodory inequality (5.1.1). We show that all
inequalities we get are sharp.

5.4.2 Hadamard’s real-part theorem for derivatives

The estimate for | (™) (z)| with n > 1 below contains the value

sup Rf(¢) — Rf(0)

ICI<R

in the right-hand side. In particular, for f(0) = 0, this inequality generalizes
the Hadamard’s real-part theorem (1.1.1) for derivatives.

Corollary 5.3. Let f be analytic on Dgr with ®f bounded from above. Then
for any fized z,|z| =r < R, the inequality holds with best constant

% sup RAf((), (5.4.5)

(n) <
PO G s
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where n > 1.
In particular, for functions f vanishing at z = 0, the inequality

2n!Rn+1 sup Rf(¢) (5.4.6)

() ()] < 20
FEIS Gy o

holds with the sharp constant.
Proof. 1. Proof of inequality (5.4.5). By Corollary 5.2,

n!
m(p—r)ntt IRf = wllL,oD,): (5.4.7)

m(p

110 ()] <

where p € (r, R), w is a real constant and n > 1.
We set
w=As(R) = sup Rf(C)
[CI<R

in (5.4.7). Since, by the mean value theorem,

RS =~ Ay (Bllaony) = [ LA R) = RIQ)} 1

=2mp{As(R) = Rf(0)} = 2mp S RAF(C), (5.4.8)

it follows from (5.4.7) that inequality

2nlp

1F™ ()] < sup RAF(C)

(p =)™ ¢ <R

holds, where n > 1. Passing to the limit as p T R in the last inequality, we
obtain (5.4.5).

2. Sharpness of the constant in inequality (5.4.5). Consider the family of
analytic functions on Dp

£
= 5.4-9
fe0) = (5.49)

where £ is a complex parameter, |£| > R.

We are looking for max{RAf¢(z) : |z| = R}. Putting £ = pe'™, 2 = Re™,

we find ¢ " (Re—t -
_ _ peZT 671 7p6727'
Riel=) ‘“{z—g} %{ [Reit — peir? }

that is

~ (cosp—1)
Rfe(2) = 1= st (5.4.10)

where v = p/R, p =t — 7. Hence taking into account that v > 1, we obtain
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(cosp =)
% =
e fez) 0<pLon { 1 —2ycosp+ 72 }

1 1—+2
=~ max 1=t =L (5411)
2 0<p<2r | 1 — 2vycosp + 2 1+~ p+R

It follows from the last equality that

— _ _ P R
max RAfe(=) = max Rfe(z) —Rfe(0) = ——p +1= —mp. (5412)

Let z = re'’ be a fixed point in the disk Dy and let ¢ = pe®. For any
natural number n by (5.4.9) we have

(n) (=1)"nl¢ n!|¢] nlp
= = = . .4.].
= g | T g (o419
Let H,, (%) denote the best constant in the inequality
1 (@) < Ha(2) sup RAS(Q).
[CI<R
By (5.4.5),
2n!R
L(2) < — 414
Hole) < s (5.414)
Using

F )] < Ha(2) max RAS(C)
together with (5.4.12), (5.4.13), we find

nlp(R + p)

Hn(z) > )R

Passing here to the limit as p | R, we conclude that

2nlR
> 2
Hn(z) 2 (R—r)r1’
which together with (5.4.14) proves sharpness of the constant in (5.4.5).

3. Inequality (5.4.6). This sharp inequality is an immediate consequence
of estimate (5.4.5) with the best constant. O

The estimate (5.1.2) follows as a particular case of (5.4.5) with z = 0.
Observe also that replacing f by —f in (5.4.5), we deduce

2R p RA{-F(O)} (5.4.15)

() ()] < 2
O < e s
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for analytic functions f on Dgi with Rf bounded from below, where n > 1.
Unlike inequality (5.4.5) with

Af(R) = sup RAS(C) = sup Rf(C) —Rf(0)

ICl<r ICI<r

in the right-hand side, inequality (5.4.15) contains the expression

B¢(R) = sup RA{—f(Q)} = Rf(0) — inf Rf(C).
I¢|<R [CI<R

Unifying (5.4.5) with (5.4.15), we arrive at the sharp inequality

2n!R

£ < g min (A (R).By(R))

for analytic functions f on Dg with bounded Rf, where n > 1.

We conclude this subsection by noting that Corollary 5.3 implies the fol-
lowing inequalities similar to (5.1.5)

n 2n!R
I < oy {?‘ipR RF(O) + |§Rf(0)|} (5:4.16)
and
n 2n!R
11 ()] < &=yt {E&%W(O + If(O)I} : (5.4.17)

Remark 5.1. The sharpness of the constant in (5.4.16) and (5.4.17) is estab-
lished in the same way as in inequality (5.4.5).

5.4.3 Landau type inequality

The following assertion contains a sharp estimate for |f(™)(z)| with

sup [Rf(C)| — [Rf(0)]
ICI<R

in the right-hand side. The estimate below is closely related to the Landau
inequality (5.1.3).

Corollary 5.4. Let f be analytic on Dy with bounded Rf. Then for any fixed
z,|z| =7 < R, the inequality
2n!R

n+1 sup A|§Rf(<)‘ (5418)

) ()| < 200
FOEN < e

holds with the best constant, where n > 1.
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Proof. 1. Proof of inequality (5.4.18). We set

w=TRy(R) = sup |Rf(C)|
CI<R

in (5.4.7). Since

IRF ~ Ry (B)l|zop,) = 2mp (Ry(R) — RF(0)} (5.4.19)
it follows from (5.4.7) that

1™ ()] < ST (R (R) = Rf(0)},

(p—r)ntt

where n > 1. Passing to the limit as p T R in the last inequality, we obtain
2nlp

(p—r)tt

Replacing f by —f in (5.4.20), we have

2n'R

R—rt {Rs(R)+Rf(0)},

1F™(2)] < {Ry(R) —Rf(0)}. (5.4.20)

177 ()] <

which together with (5.4.20) implies

2n!R

1 {Rs(R) — IRF(0)]} (5.4.21)

|f(n)(z)‘ < W

The last inequality proves (5.4.18).

2. Sharpness of the constant in inequality (5.4.18). We show that the con-
stant in (5.4.21), that is in (5.4.18), is sharp.
Introduce the family of analytic functions in Dg

2
ge(z) = . 55 + €|2|§_| 2 (5.4.22)

depending on a complex parameter £ = pe'™, p > R.
Let, as before, v = p/R. Clearly,

2
v 1
Rge (0)] = ‘—1+W2_1' =57 (5.4.23)

We find Ry, (R). Let z = Re™,p =t — 7. Using (5.4.10) in (5.4.22), we
obtain

3 7 Y(cosp —7) 7
§R = % =
9¢(2) {z—g +72—1 1—27c0sg0+72+72—1
1 2 2_1
S - 7 . (5.4.24)
2 42—1 2(1—2ycosp+72)
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Hence ) ,
1 v v -1 5
Rge (€) = —= _ _
2R %(C) 2" -1 2(yv+1)2 2-1
. 1 2 v -1 ¥
§):E = —— - _ —
C=R 9el0) =5+ -1 20-12 -1
that i
o Roe(R) = (5.4.25)
v —1
Thus, by (5.4.23) and (5.4.25),
¥ 1 1 R
Rge (R) — [Rge(0)| = e (5.4.26)

1 2-1 ~+1 p+R

Let z = re' be a fixed point with » < R and let £ = pe®. For any natural
number n by (5.4.22) we have

0= [ | g e Ge)
By H,.(2) we denote the best constant in
IO < Hal2) Ry ()~ [RIO)])
In view of (5.4.21),
Ho(2) < (RQ—nj")]i“' (5.4.28)

Using
198 ()] € Ha(2){Rge (R) — |Rge (0)]}
together with (5.4.26), (5.4.27), we obtain

nlp(R + p)

Hn(z) > =R

Passing here to the limit as p | R, we find

2n!R
> -
Hn(2) 2 (R —r)nt+1’

which, along with (5.4.28), proves sharpness of the constant in inequality

(5.4.18). 0

Remark 5.2. Note that (5.4.18) can be obtained as a consequence of estimate
(5.4.5) without proof of its sharpness.
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5.4.4 Generalization of the Landau inequality

The next assertion contains a sharp estimate of |f(™)(z)| with

sup [f(C)| = |£(0)]

ICI<R
in the right-hand side. This estimate contains the Landau inequality (5.1.3).

Corollary 5.5. Let f be analytic and bounded on Dg. Then for any fized
z,|z| = r < R, the inequality

2nlR
ST A.
(R —r)ntt ‘?&PR [f(Q) (5.4.29)

1f™(2)] <
holds with the best constant, where n > 1.
Proof. 1. Proof of inequality (5.4.29). We put

w=M;(R)= sup |f(Q)
[CI<R

in (5.4.7). Since
IRf — My(R)|Lyop,) = 2mp {M;(R) — Rf(0)}, (5.4.30)
it follows from (5.4.7) that

2nlp
(o=

Passing to the limit as p T R in the last inequality, we obtain

11" (2)] < {M;(R) —Rf(0)}.

2”!Rn+1 {Ms(R) — Rf(0)}. (5.4.31)

‘f(n)(zﬂ < W

Replacing f by fe'® in (5.4.31), we arrive at

2n!R

CEDEE {Ms(R) = R(f(0)e')},

) <

which due to the arbitrariness of « implies (5.4.29).

2. Sharpness of the constant in inequality (5.4.29). For the analytic func-
tion g¢(z) defined by (5.4.22) we have
v 1

7 1‘ =T (5.4.32)

106(0)] = \—1 n

We are looking for Mg, (R). Let z = Re,§ = pe'™,v = p/R,p =t — 7. In
view of (5.4.22),
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3 pe'’” ysing
C“ = C\l = C“ —_— — .
Sge(2) = <z —£ “\ Reit — pein 1 —2ycosp+ 2

Taking into account (5.4.24), we have

ge()2 = | e8P =) v 1P [ osing ’
¢ 1—2ycosp+v2  ~2-—-1 1 —2ycosp+ 2
This simplifies to
2 7
l9¢(2)I” = [CEEE
Thus,
~y
My (R) = o1 (5.4.33)
and by (5.4.32),
v 1 1 R
Mg (R) = |g¢(0)| = — (5.4.34)

Y21 421 ~v+1 p+R

Let n be a natural number and let H,,(z) denote the best constant in

1 (2)] < Ha(2){Mg(R) = | £(0)]}- (5.4.35)
As shown above, R
2n!

We take an arbitrary fixed point z = re with » < R, and let ¢ = pe’. By
(5.4.27), (5.4.34), and (5.4.35)

9" ) nlp(R+ p)
Mge(R) = lge(0)] ~ (p—r)" "R’

Hn(2) >
Passing to the limit as p | R in the last inequality, we obtain

2n!R
>___ -
Ha(2) 2 (R — r)n+1’

which, along with (5.4.36), proves sharpness of the constant in inequality

(5.4.29). 0

Remark 5.3. Inequality (5.4.29) follow from (5.4.5) without proof of
its sharpness.
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5.4.5 Generalization of the Carathéodory inequality

The following assertion contains an estimate for |f(™(z)| by Rf(0) under
the assumption that Rf(¢) > 0 for |(| < R. This estimate generalizes the
Carathéodory inequality (5.1.1). j

Corollary 5.6. Let f be analytic with Rf(¢) > 0 on the disk Dr. Then for
any fized z,|z| = r < R, the inequality

2n!R

I < G RO (5:4.37)

holds with the best constant, where n > 1.

Proof. Suppose Rf(¢) > 0 for |¢| < R. We put w =0 in (5.4.7). Since

1RSIz, op,) = 27p Rf(0),
it follows from (5.4.7) that

2n!
M) < —P g f(0).
FOEN < o RO
Passing to the limit as p T R in the last inequality, we obtain

2nlp
(p—r)ntt

We show that the constant in (5.4.38) is sharp. Introduce the family of
analytic functions in Dg

1F(2)] < RF(0). (5.4.38)

&g
E—2z [+ R

he(z) = (5.4.39)

which depend on the complex parameter § = pe’™, p > R. Putting z =
Re't v = p/R,p =t — 7 and taking into account (5.4.10), we find

B 3 v (y—cosp) 0
8CEhE(Z)_S%(Ez y+1 1—2ycosp+72 ~y+1

S S 7 -1
2 441 2(1—2ycosg+92?)
Hence )
: 1 Y v -1
min Rh, =—— + =0,
CI=R =5 Y+1 o 2(y+1)?
that is

Rhe(¢) =0, [¢|=R. (5.4.40)
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According to (5.4.39),

v 1 R
y+1 y+1 p+R

Rhe(0) =1 — (5.4.41)

Let n be a natural number. By H,,(z) we denote the sharp constant in
£ (2)] < Ha(2)R1(0) (5.4.42)
where Rf(¢) > 0 for |¢| = R. By (5.4.38) we have

2n'R

Hn(z) < W

(5.4.43)

Let z = re' be a fixed point with 7 < R, and let ¢ = pe®. It follows from
(5.4.39) that

(n) = ni’p 4.44
|h.§ (Z>| (pfr)”ﬂ' (5 . )

Taking into account (5.4.40), (5.4.41), (5.4.42), and (5.4.44), we find
B nlp(R + p)

M) 2 Jp@) = G- R

Passing to the limit as p | R in the last inequality, we obtain

2n!R
>
H’I’L(Z)— (R_r)n+17

which, along with (5.4.43), proves sharpness of the constant in inequality
(5.4.37). a

5.5 The case p = 2

The next assertion is a particular case of Proposition 5.1 for p = 2.

Corollary 5.7. Let f be analytic on Dp with Rf € ho(Dpg). Further, let
n > 1, and let Py, be a polynomial of degree m < n — 1. Then for any fized
point z,|z| = r < R, there holds

1F™ ()] < a2 (2)[[REF = P} 2 (5.5.1)

with the sharp constant

1 r
Hn2(2) = WHTL,Q (§> ) (5.5.2)
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where
| n ) 1/2
n! n
Hyo(y) = EE (5.5.3)
2 V(1 —~2)@ntD)/2 {kz_o (k)
In particular,
[F™ ()] < Hn2(2)En1 2(R), (5.5.4)

where

n (k) ()
B, a(R)) = H%{f—zf,i?)c}
k=0 ’

2

n ) (2 p2k ) 2
= {IIW—W(O)II%—WRZ 'f((f,))'gR} - (5.5.5)
k=1 ’

Here the sum in k from 1 to n is assumed to vanish for n = 0.

Proof. 1. Sharp constant in inequalities (5.5.1) and (5.5.4). Inequalities
(5.5.1), (5.5.4) follow from Proposition 5.1. Consider the integral in (5.2.8)
for p = 2. Putting ¢ = 1/¢, we find

Ceia 2 _ é‘neia 2
/4—1 §R{(C—v)"“} ] _/5_1 %{(1—75)”“} |d¢|,  (5.5.6)
where v =7/R < 1 and « is a real parameter. Similarly,
o Ceia 2 _ N §"€m 2
/<=1 J{(Cv)"“} ¢ _/5:1 J{Mg)nﬂ} |d¢l.  (5.5.7)

We use the following property (see, e.g. Polya and Szegd [76], Ex. 234): if
the function
f(2) =ap+ a1z +ax2> + ...

is regular in the disk |z| < R, and the equality

/0 " IRF(pei?) 20 = / [ f(pet?)2d0 (5.5.8)

holds for p = 0, then it holds for any p € (0, R).
The function

gneia
9(&) = ——Fm 1 0<~<1,
© (1 =)t
analytic in the disk |¢] < y71, satisfies (5.5.8) with p = 0. Therefore, the
equality
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A”mmwww=4”mmwww

is valid for p = 1, which together with (5.5.6) and (5.5.7) implies

Jou =Tt 106= o P}

Using this identity and (5.2.8) with p = 2, we obtain

1/2
n! |1 |d¢|
Hn,Q(’Y) = ? {2 /g—l K’}/M} . (559)

Putting here ¢ = (w+7)(1+~w)~!, we find (see, e.g. Gradshtein and Ryzhik
[42], 3.616)

|dd] 1 / 2
- 11+ ]2 |du|
/|<|—1 ¢ =D (L= 2)2 =

2

2
|d¢].

1 27 )
:W/o (14 2vycosp+~7)"dp
2 — ()2 o
- WZ (k) 7 (5.5.10)
k=0

which together with (5.5.9) leads to

. 1/2
_ n! n\2 o
Hpo(y) = Jr(l— 72)(2n+1)/2 { (k) v } '

k=0

This and (5.2.7) with p = 2 imply (5.5.2), (5.5.3).
2. Proof of relations (5.5.5). We prove the first equality in (5.5.5). Let
z = Re'?. We write the real part of the algebraic polynomial

Pu(2) =Y ex2¥, (5.5.11)
k=0
where ¢, = ai + ibk, as a trigonometric polynomial T, (¢)

RP,(Re'?) = R {Z(ak + iby) RF et }

k=0

=g+ Z(ak cosky + B sinkp) = T,(v),
k=1

oo = ag, a = R¥ay, By = —RFb, 1 <k <n.
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Conversely, given a trigonometric polynomial

T.(¢) = ap + Z(ak cos ko + O sin ko)
k=1

and introducing the coefficients co = ag + 6, cr = R~ *(ayr — ifk), where
Do is an arbitrary real number, one restores the algebraic polynomial (5.5.11)
(up to an imaginary constant) such that RP,,(Re™) = T, ().

Let {%,} be the set of trigonometric polynomials of degree at most n.
Using the above relation between algebraic and trigonometric polynomials
and the minimizing property of Fourier coefficients, we obtain

Ba(Rf) = int RS = P)o

1/2
— inf { / mﬂommomda}
[¢|I=R

Pe{P.}

—VE_inf { | [%f(Rei“”)—T(<p)]2d<p}l/2

Te{Tn} (Jon

_ \/?z{/ﬁ (RF(Rei#) —fn(@)]ngp}m, (5.5.12)

—T

where .
Fulp) = > Ape™™® (5.5.13)
k=—n
and L g
Ay = 5 Rf(Re™)e ™ dap. (5.5.14)
™

—T

We rewrite coefficients Ay, using the Schwarz formula (1.3.1) and its corollary
(5.2.4) for z =0:

1

F0)=i3/(0) + 5= i RF(O)|dC|, (5.5.15)
) k! R
f00) = — o Jg,ﬂ‘:)uq, (5.5.16)

where k£ > 1. By (5.5.14) and (5.5.15) we have
1 (" .
Ag = — w
o= 52 [ RoR
1

~9%R RF(OldC] = f(0) =i 3f(0) = Rf(0). (5.5.17)
T JICl=R
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In view of (5.5.14) and (5.5.16), we have for 1 <k <n

RE [T Rf(Re'Y)

A = 2rR J_,. RFkekv Rdy
= 0). 5.5.18
5 N = 5190 (5:5.18)

Similarly, by (5.5.14) and (5.5.16), for —n < k < —1 there holds

RIF (T Rf(Re™)
2R J_. Rlkleilkl

_ RMH R (C) L
2 / L ¢l = 2/k|! (I*)(0). (5.5.19)

Using (5.5.17)-(5.5.19) in (5.5.13), we find

Ay = Rdy

Fal) = R10)+ Y 1 { 0 0)eite 4+ FO0)e )

which implies that (5.5.12) can be written as

Ena(Rf) = VR { / ]

and, equivalently,

1/2

n 2
Rf(Re') Z%m{ 0)RFe' }] d@} ;

k=0

oo £

This proves the first equality in (5.5.5).
Taking into account (5.5.13), (5.5.17), we write (5.5.12) as

2

n n 1/2
Ena(Rf) = {I?Rf —RfO)|5 —27RY _|A]> —27R Y |A—k|2} :
k=1 k=1

Hence, by (5.5.18) and (5.5.19) we arrive at the second representation in
(5.5.5). O
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5.6 The case p = oo

For p = oo inequality (5.2.9) can be written in terms of the infimum of the
oscillation of Rf(¢) — RP(¢) on the circle, where the infimum is taken over
the set {P,,—1} of polynomials P of degree n — 1.

We introduce the notation

Onwf(DRr) = Pei?‘lg }O%{ffp}(DR)’ (5.6.1)

where Og(Dpr) is the oscillation of Rf on the disk Dg. For n = 0 we use the
notation Oxy(Dg) introduced earlier.

Corollary 5.13. Let f be analytic on Dg with bounded Rf, and let n > 1.
Then for any fized point z,|z| = r < R, there holds

7)) < gHnoe(2)0n 100 (D) (5.6.2)

with the sharp constant

1 r

where | i

n! el
H, (7 :—sup/ 3%{}’ dc|. 5.6.4
(y) = su o T T |dC]| (5.6.4)

In particular,
F0)] < 220, 1 5s(Dp). (5.6.5)
~ mR" ’

Proof. Suppose w € R. Then

BnooRf) = inf |IR{f —PHloo = inf [[R{f -} - wll

PE(B.) (T}
Jrémé?sp”}” {f =P} —u

Hence, permutating the infima and taking into account (3.4.1) and (5.6.1), we
obtain

Enoo®f) = inf inf [[R{f —P} —wllec = _inf Eooo(R{f—-P})

Pe{P.}weR Pe{PBn}
1 1
= inf *O — D - 7071 D )
pel?%} B) R{f 73}( R) B ,§Rf( R)

which together with (5.2.9) and (5.2.7), (5.2.8) proves (5.6.2)-(5.6.4). Inequal-
ity (5.6.5) follows from (5.6.2) and Corollary 5.1. O
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Note that the sharp inequality (3.7.13) is a particular case of (5.6.2) with
n =1
As a corollary of (3.7.13) we obtain

(O] < —=Ons(Dr)

(see Polya and Szego [76], III, Ch. 5, § 2 and references there). Inequality
(5.6.5) can be viewed as generalization of the last estimate to derivatives of
arbitrary order.

We show that

4n'R
(n) <
R G s Ty s
where f is analytic in Di and has a bounded real part.
For this aim we shall use an assertion due to Szdsz [86] which we reproduce
with the proof for reader’s convenience.

IRl oo (5.6.6)

Lemma 5.2. Let f be analytic in Dy and let a be an arbitrary point of Dg.
If the function

a+wR
g(w)=f <R i wa) (5.6.7)
with w in D1 has the Taylor expansion
oo
glw) = Z bpw™, (5.6.8)
n=0
then )
n! —/n-1 —k _k
™ (a) = o Z( . )R” by, T (5.6.9)
k=0

Proof. Putting |a| < r < R,

,_potuR Fr{wR(Z_a);pr}’

R+ wa’ R? - za
and taking into account that

dz R% — |a]? R? — |a|?
=R———— z—a=———w

dw " (R?+wa)?’ R+ wa

by the Cauchy integral formula for derivatives, we obtain

n n! f(z
f( )(a) = 2m/|2|=7" (z—(a))”“dz

n! R+wa """ R(R%—|a]?)
=— [ g(w) — 2 dw
2mi Jp w(R2 — |a|?) (R? + wa)?

n!R (R + wa)" 1
= -—— d .
277@'(R2—|a2)"/ g(w)

r
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This implies

n—1
(n) _nmh n—1\ pno1-k k/ dw
F(a) = 2mi(R |a| ) Zo( ) g(w)w”*’”l
n—1
n!R n—1 1
_ R 1-k k (n—k:) 0).
(R? — |al?) "ZO( ) (n—k)' (0)
Combining this with (5.6.8), we arrive at (5.6.9). O

y (5.6.7), (5.6.8) and Corollary 5.1,

M) 4 4
ol = 2O < 2 g = DS, n> 1

n! T |lw|<1

Hence by the inequality
n—1

1F™(a)| < ”') 3 (” . 1)R"—k br_s| |al* (5.6.10)

2 2\n
(2= 2] 2
which follows from the Szdsz formula (5.6.9) one arrives at the estimate

AnIR(R + |a])"~1

(n)
@) < T

1Rl

equivalent to (5.6.6).
A direct corollary of (5.6.6) is the following estimate for the sharp constant

n (5.6.3) iR
n!

7(R+r)(R—r)*
Comparing (5.6.6) with the sharp inequality (3.7.12), we conclude that in
the case n = 1 one has the equality sign in (5.6.11).

Hpoolz) < (5.6.11)

5.7 Variants and extensions

In this section we collect parametric sharp estimates for | f(")(z)| using various
characteristics of f in Dg. The role of the parameter is played by the distance
from the center of circle to a point a € Dy placed on the segment connecting 0
with z. The assertion below is a generalization of inequalities from Corollaries
5.3-5.6 in the case a = 0 and of inequalities due to Ruscheweyh [82] in the
case a = z.
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Theorem 5.1. Let f be analytic on Dy, and let z = re’’,a = r,e",0 < 1, <
r < R. Then the inequality

2n!R(R —14)

G < G E g )

Qu(f) (5.7.1)

holds with the best possible constant, where Q.(f) is each of the following
exTPressions:

(i) sup Rf(¢) —Rf(a),

CI<R

(i) sup [Rf(C)] = [Rf(a)l,
CI<R

(iif) sup [f(O)] = [f(a)l,
KI<R

(iv) Rf(a), if Rf >0 on Dg.
In particular,

2n!R

F (@) < (R—ro)"(R+14)

Qa(f)- (5.7.2)

Proof. Proof of inequality (5.7.1). Since by the formula (5.2.4) for derivatives
of analytic function

! ¢

I = 1oy €= oy RI)14C]
r<o<R,n=1,2,..., we have
2 2 .2
1 = [ e Tl at WO
which leads to
F0E) 2 e L P Ry 67
where L 2
P(C, a) = om0 ﬁ

is the Poisson kernel, o = |(|.
Putting ¢ = ge’?, we find

¢ —al? 1 2(0cos(p =) —7)(r—ry) = (r—17,)>

¢ —zn ¢ =zt ¢ — 2"+ ¢ — 2+t

Hence
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i Sl (e=ra)?
Icl=e |¢ — 2|t (0 —r)ntl”

which together with (5.7.3) leads to

| _
10 < 2P Rl am, -

Replacing here f by f —w, where w is an arbitrary real number, we obtain

1O < PG s -l emy - (574)

Letting here

and taking into account that

1 p2 _,],.2
Py a){Rf = As(B)}Iz, om,) = 277P/|4|— ﬁ (Ar(R) = RF(Q))ldC]

= Af(R) = Rf(a) = sup Rf(¢) — Rf(a),
ICI<R

we find after the passage to the limit as o 7 R that (5.7.1) holds with the
expression (i) in the right-hand side.
In a similar way, putting

w=TRs(R) = sup |Rf((),
<I<R

in (5.7.4), using the equality

1P+, a){Rf =R (R)}|L, (op,) = sup RO = Rf(a),
<
and passing to the limit as o T R, we have

2n!R(R —r,) (‘sup |Rf(Q)| — Rf(a)). (5.7.5)

(n)
Lf(2)] < (R—r)"H R +ry) ICI<R

Replacing here f by —f, we arrive at an estimate which together with (5.7.5)
implies (5.7.1) with the expression (ii) in the right-hand side.
We now put
w=M;(R) = sup |£(C)]
ICI<R

into (5.7.4) and use the equality

IP(, a){Rf = Ms(R)}|L, (om,) = ‘f‘liple(C)l — Rf(a).
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Passing to the limit as o T R, we obtain

nR(R —rq
e (s 0] RS@),

™M) <
Replacing here f by fe'® and using the arbitrariness of a, we arrive at (5.7.1)
with the expression (iii) in the right-hand side.
In the case Rf > 0 in Dg we set w =0 in (5.7.4) to get

n) Py ZH!Q(Q—TG) a
1) < 2T vy

and make the passage to the limit as o T R. This results in estimate (5.7.1)
with the expression (iv) in the right-hand side.

Sharpness of the constant in (5.7.1). By (5.7.1), obtained above, where
Q. (f) is each of the expressions given by (i)-(iv), the sharp constant C(r,r,)
in the inequality

[F™ ()] < C(r,7a) Qu(f) (5.7.6)
satisfies onlR(R )
n! —r
Clr,ry,) < 2 .
(T7 r ) = (R _ T)n+1(R + ra)

We show that the converse estimate for C(r,7,) holds as well. With this aim
in view consider the families of analytic functions in Dy

£ = = ) = n)+

£ PR ¢ ]2 — R?’
which depend on the complex parameter ¢ = pe’”, p > R. These functions
obey the equalities

(5.7.7)

_ ¢
€1+ R’

he(z) = —£.(2) (5.7.8)

nlp

(n) — g™ — |p(™ -
17" ()] = g, (2)] = |h (2)] = =) (5.7.9)
In light of (5.4.11) it follows that
P p p(R+1a)
R - = — - = . 5.7.10
ek CACRFAR) pt+R ra—p (R+p)(p—ra) ( )
Combining this with (5.4.25) and (5.4.33), we obtain
max {[Rg, (O] — R ()l} = max {lg. ()] lg (a)]}
2

RBp_ _|_p _» |__pRErd) (5.7.11)

S pPP—R? ra—p pP—-RY (R+p)(p—ra)

where p > R and p satisfies the condition p < R?/r, provided a # 0 and p is
arbitrary if a = 0.
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We have

_ P p _ pR+ra)
Rhe(a) = ra=p p+R (R+p)(p—rd) (6.1.12)

satisfying ®h, > 0 in Dg due to (5.4.40). Combining the inequalities

(") (4 7, Tq) Max — f.(a
[ (2)] < C(r,ra) max R{f(O) - f(a)},
97 (2)] < C(r,7a) max {|Rg, ()] — Ry, ()]},

ICl=R

9 () < Crra) max {1g()] - lge (o)}

BV (2)] < C(r,7a) Rh (a)
with (5.7.9)-(5.7.12), we find that

n!(R+p)(p—ra)
Clnra) 2 o (Rt ry)

Passing to the limit as p | R in the last inequality, we obtain

MIR(R — 14)
Clrra) 2 (R—r)"TH (R +71y)’

which together with (5.7.7) proves the sharpness of the constant in (5.7.1). O

Remark 5.4. Estimate (5.7.2) with the expression (i) in the right-hand side is
a generalization of the Lindelof inequality (1.7.5) to derivatives of arbitrary
order.

Inequality (5.7.2) with (iii) and (iv) in the right-hand side is proved by
Ruscheweyh [82] using the Herglotz formula with the Poisson kernel put under
the integral sign.

The extremal function in estimate (5.7.2) with expression (iv) in the right-
hand side was found by Yamashita [89] who also obtained a generalization of
that estimate for analytic functions with positive real part defined on a hy-
perbolic domain {2 C C (which means that C\{2 contains at least two points).

Note that the parametric connection of inequalities (5.1.7) and (5.1.9)
revealed by Theorem 5.1 was most probably never discussed before.
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Bohr’s type real part estimates

6.1 Introduction

This chapter is connected with two classical assertions of the analytic functions
theory, namely, with Hadamard-Borel-Carathéodory inequality

/(z) = FO)] < 7— sup R{S(() = f(0)}, (6.1.1)
ICI<R
and with Bohr’s inequality
n2"[ < s 6.1.2
;\c < sup 170 (6.1.2)

for the majorant of the Taylor’s series
f(z) = Z cnz", (6.1.3)
n=0

where |z| < R/3 in (6.1.2) and the value R/3 cannot be improved.

In the chapter we deal, similarly to Aizenberg, Grossman and Korobeinik
[6], Bénéteau, Dahlner and Khavinson [13], Djakov and Ramanujan [35], with
the value of [,-norm (quasi-norm, for 0 < ¢ < 1) of the remainder of the
Taylor series (6.1.3). The particular case ¢ = oo in all subsequent inequalities
of the chapter can be obtained by passage to the limit as ¢ — co.

In Section 2 we prove the inequality

o 1/q m
n r
{ > fens |q} < =y IR (6.1.4)

with the sharp constant, where r = 2| < R, m > 1, 0 < ¢ < 0.
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Section 3 contains corollaries of (6.1.4) for analytic functions f in Dg
with bounded Rf, with 28 f bounded from above, with Rf > 0, as well as for
bounded analytic functions. In particular, we obtain the estimate

oo 1/q
2rm
cpz™? < sup R — f(0)},
{Zm | } T =7 S RO~ S0}
with the best possible constant. This estimate, taken with ¢ = 1, m = 1, is
a refinement of (6.1.1). Other inequalities, which follow from (6.1.4), contain
the supremum of |Rf ()| — |Rf(0)] or |f(¢)] —|f(0)] in Dg, as well as Rf(0)
in the case ®f > 0 on Dg. Each of these estimates specified for ¢ = 1 and
m = 1 refines a certain Hadamard-Borel-Carathéodory type inequality with
a sharp constant.
Note that a sharp estimate of the full majorant series by the supremum
modulus of f was obtained by Bombieri [19] for € [R/3, R/\/2].

In Section 4 we give modifications of Bohr’s theorem as consequences of
our inequalities with sharp constants derived in Section 3. For example, if the
function (6.1.3) is analytic on Dg, then for any ¢ € (0, o], integer m > 1 and
|z| < Ry q the inequality

o 1/q
{Z |} < sup Rie” = OF(O)} — |£(0)] (6.1.5)

ICI<R
holds, where R, = rm R, and 7, 4 is the root of the equation
29r™l 494 —1=0

in the interval (0,1) if 0 < ¢ < 00, and 7y, o = 271/ In particular,

rig= (142979 and ry, =2Y9(1+/1+2082)"Y%  (6.1.6)

Note that R,, 4 is the radius of the largest disk centered at z = 0 in which
(6.1.5) takes place.

Some of the inequalities presented in Section 4 contain known analogues
of Bohr’s theorem with R in the right-hand side (see Aizenberg, Aytuna and
Djakov [3], Paulsen, Popescu and Singh [73], Sidon [85], Tomi¢ [88]).

In Section 5 we give a generalization of assertions in Sections 3 and 4 for
the case ¢ = m = 1. In particular, we prove the so called Bohr’s theorem for
non-concentric circles stated below.

Let the function f, analytic and bounded in Dg be given in the neigh-
bourhood of a € D by the Taylor series

Y eala)(z—a)",

n=0
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and let d, = dist (a,0Dpg). Then for any z in the disk

2 —al < do(2R — d,)
- 4R -—d,
the inequality
> len(@)(z = a)" < sup [£(Q) (6.1.7)
n=0 [CI<R
holds. Moreover,
do(2R — d,)
4R —d,

is the radius of the largest disk centered at a in which (6.1.7) takes place for
all f.

Note that passage to the limit as R — oo in the above assertion implies an
analogue of Bohr’s theorem for a half-plane H C C. The radius of the largest
disk centered at a € H with a placed at the distance d, from H in which the

inequality
(o)

> len(@)(z = a)"| < sup |f(<)]
n=0 (el
holds for all bounded analytic functions in H is equal to d, /2.

Note that Aizenberg [10] recently proved a theorem containing as partic-
ular cases the theorems due to Bohr [18], Sidon [85], Tomi¢ [88], Aizenberg,
Aytuna and Djakov [3], as well as assertions given in Section 4 of the present
chapter for ¢ = 1,m = 1. The following notions are essentially used in [10].
Let G C C be any domain, and let G be the convex hull of G. A point p € G
is called a point of convexity if p € dG. A point of convexity p is called regular
if there exists a disk D C G such that p € 0D.

Aizenberg’s theorem claims that if the function (6.1.3) is analytic on Dy
and f(D1) C G with G # C, then the inequality

o

Z len2™| < dist(co, OG)

n=1
holds for |z| < 1/3. The constant 1/3 cannot be improved if OG contains at
least one regular point of convexity. A multidimensional analog of this theorem
is given in [10] as well.

6.2 Estimate for the l[,-norm of the Taylor series
remainder by ||[Rf||1

In the sequel, we use the notation r = |z| and D, = {z € C: |z| < g}.
We start with a sharp inequality for an analytic function f. The right-hand
side of the inequality contains the norm in the space L1 (0Dpg).
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Proposition 6.1. Let the function (6.1.3) be analytic on Dg with Rf €
hi(DR), and let ¢ >0, m > R, |z| =r < R. Then the inequality

o) 1/q m
n|q r
(Sl < g G2

holds with the sharp constant.

Proof. 1. Proof of inequality (6.2.1). Let a function f, analytic in Dg with
Rf € hi(Dg) be given by (6.1.3). By Corollary 5.1

lenl <~y IRl (6.2.2)
for any n > 1.
Using (6.2.2), we find
oo - 1/q 1 % g 1/q
{;l | } < h {Zm (%) } IRl
- WRm’(RT‘; —ra)l/a IR £l

for any z with |z| = r < R.
2. Sharpness of the constant in (6.2.1). By (6.2.1), the sharp constant C(r)

in
I~ 1/q
{Z |CnZ"|q} < C(r) [IRf1x (6.2.3)
n=m
satisfies m
r
C(r) < TR (Ra = )i/ (6.2.4)
We show that the converse inequality for C(r) holds as well.
Let p > R. Consider the families of analytic functions in Dp
z
fol2) = - — wp(2) = fo(2) = Bp, (6.2.5)

depending on the parameter p, with the real constant 3, defined by
1Rf, = Bl = min RS, — .
Then, for any real constant c
[[Rw, — cllr > [[Rw,|]1-

Setting here
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¢ = Ap = max fw, (C)

and taking into account
Ry = Al = [ Ay = Ruyl0)]jic
I<I=R
= 20 R{A, R, (0)} = 2R masx R{w, (C) ~ w,(0)}.

we arrive at

2R g R0, (C) ~ w,(0)} = [ 1. (6.2.6)
In view of -
en(p) = we (0) =—— for n>1,
n! mn
we find
0o g 00 r nq rma
Z: len(p)2"] = Z (p) = e (6.2.7)
By (6.2.5), (1.4.6) and (1.4.7) we have
R
— = — = —. 2.
max R{w,(0) ~ wp(0)} = max R{(O) = [0} = 7. (628
It follows from (6.2.3), (6.2.6), (6.2.7) and (6.2.8) that
(o + R)r™
C(r) > SRy 1(pt — ra)i/a" (6.2.9)
On passing to the limit as p | R this becomes
C(r) > 4 (6.2.10)

TR™(RY — rq)l/q’

which together with (6.2.4) proves the sharpness of the constant in (6.2.1).0

6.3 Other estimates for the l;-norm of the Taylor series
remainder

In this section we obtain estimates with sharp constants for the /,-norm (quasi-
norm for 0 < ¢ < 1) of the Taylor series remainder for bounded analytic func-
tions and analytic functions whose real part is bounded or one-side bounded.

We start with a theorem concerning analytic functions with real part

bounded from above which refines Hadamard-Borel-Carathéodory inequality
(6.1.1).
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Theorem 6.1. Let the function (6.1.3) be analytic on Dg with Rf bounded
from above, and let ¢ >0, m > 1, |z| = r < R. Then the inequality

0 1/q
n 2rm
{;knz Q} < Rm—1(R1 — r1)1/a |§\u<p3m{f(o — f(0)} (6.3.1)

holds with the sharp constant.

Proof. We write (6.2.1) for the disk D,, ¢ € (r, R), with f replaced by f — w,
where w is an arbitrary real constant. Then

oo 1/q m
n\q r _
{;mz | } < e i IRf — wllr,@p,)- (6.3.2)

Putting here

w=Af(R)= sup Rf(()
<R

and taking into account that

1Rf = Ap(R)l|L, op,) = 2mp{ A (R) — Rf(0)} = 2mp sup R{f(C) — f(0)},

ICI<R

we find

oo 1/q m
{Z |cnz"|q} < g SR RO - (0}

n=m ‘<‘<R

which implies (6.3.1) after the passage to the limit as o T R.
Hence, the sharp constant C(r) in

o 1/q
{ > cnz”W} < C(r) sup R{f(¢) — £(0)} (6.3.3)

ICI<r

n=m

obeys
2rm

< Rm—l(Rq _ rq)l/q'

C(r) (6.3.4)

To get the lower estimate for C(r), we shall use functions f, given by
(6.2.5). Taking into account the equality

F5(0) = wi(0),

as well as (6.3.3), (6.2.7) and (6.2.8), we arrive at

(p + R)r™
0= oo —ayira’

(6.3.5)
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Passing to the limit as p | R in the last inequality, we obtain

2r™m
>
~ RmY(Ri1 —ra)t/a’

o(r) (6.3.6)

which together with (6.3.4) proves the sharpness of the constant in (6.3.1). O

Remark 6.2. Inequality (6.3.1) for ¢ = m = 1 is well known (see, e.g. Polya
and Szego [76], III, Ch. 5, § 2). Adding |co| and |f(0)| to the left- and right-
hand sides of (6.3.1) with ¢ = m = 1, respectively, and replacing —Rf(0) by
|£(0)] in the resulting relation, we arrive at

2r
sup Rf((),
R—7<r ©

> R+r
2| < 0
3 lensl” < 11O+

which is a refinement of the Hadamard-Borel-Carathéodory inequality

R+r
R—r

[f(2)] < [£(0)] + sup Rf(C)

R—7 <R

(see, e.g., Burckel [23], Ch. 6 and references there, Titchmarsh [87], Ch. 5).

The next assertion contains a sharp estimate for analytic functions on Dg
with bounded real part. It is a refinement of the inequality

1)~ FO)] < 2 sup (IRF(Q)] — [RFO)])

T KI<R
which follows from (6.1.1).

Theorem 6.2. Let the function (6.1.3) be analytic on Dg with bounded real
part, and let ¢ >0, m > 1, |z| =r < R. Then the inequality

oo 1/q
n 2r™
{;J |q} < gy S (RO RO 637

holds with the sharp constant.

Proof. Setting
w=Ry(R) = sup [Rf(C)
ICI<R

in (6.3.2) and making use of the equalities

IRf =R (R)l|L,op,) = 2mp{Rs(R) — Rf(0)} = QWpl(?&pR{\%f(C)l —Rf(0)},

we arrive at
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0o 1/q
n|q 2r™ B
{;' | } < gy SRS RIO))

This estimate leads to

oo 1/q m
{Z |} < o s (RAOI- RO} (639)

CI<R

after the passage to the limit as o T R. Replacing f by — f in the last inequality,
we obtain

o 1/q
2 m
{Z |} < o SR ARSI+ RIO),

n=m [¢|<R

which together with (6.3.8) results at (6.3.7).
Let us show that the constant in (6.3.7) is sharp. By C(r) we denote the
best constant in

o 1/q
{Z |0nznlq} < C(r) sup {|Rf(O)] — IRf(0)]}. (6.3.9)

ICI<r

n=m

As shown above, C(r) obeys (6.3.4). -
We introduce the family of analytic functions in Dg

2
p p
9p(2) = p— + pe (6.3.10)

depending on a parameter p > R. By (5.4.22) and (5.4.26) we have

R
s {1Rg,(0)] = Rg, O} = = (6.3.11)

Taking into account that the functions (6.2.5) and (6.3.10) differ by a
constant, and using (6.3.9), (6.2.7) and (6.3.11), we arrive at (6.3.5). Passing
there to the limit as p | R, we conclude that (6.3.6) holds, which together
with (6.3.4) proves the sharpness of the constant in (6.3.7). O

The following assertion contains an estimate with the sharp constant for
bounded analytic functions in Dg. It gives a refinement of the estimate

2r

[£(2) = £(0)] < sup {|f()] = [£(0)}

R—=7<r

which follows from (6.1.1).
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Theorem 6.3. Let the function (6.1.3) be analytic and bounded on Dg, and
let g >0, m>1, |z| =r < R. Then the inequality

[e%) 1/q
2 m
{Z |} < e SR O] 7O (6312

holds with the sharp constant.
Proof. Setting

w=M;(R) = sup |[f({)]
ICI<R

in (6.3.2) and using the equalities

IRf = Mp(R)|Ly0p,) = 2mp{Ms(R) —Rf(0)} = 27Tplzu<pR{|f(C)| —Rf(0)},

we obtain

o0 1/q
2r™m
cnz"|? < su —-R )
{ng | } < sup {101 = RF0))

01 _rq)l/q

Passage to the limit as o T R gives

o 1/q
2 m
{Z Icnznq} < Rm_l(RZ — o |Zu<p3{|f(0| - Rf(0)}-

Replacing f by fe!®, we arrive at

00 1/q m
{anznw} < Rm,l(;f_rq)l/q sup {|£(Q)] ~ R(F(0)"™)},

n=m [¢I<R

which implies (6.3.12) by the arbitrariness of a.
Let us show that the constant in (6.3.12) is sharp. By C(r) we denote the
best constant in

oo 1/q
{ > |cnz"|q} <) sup {170 = £} (6.3.13)

As shown above, C(r) obeys (6.3.4). o
We consider the family h, of analytic functions in D, defined by (6.3.10).
By (5.4.34) we have

B

6.3.14
TR (6.3.14)

sup {[g,(C)| = 19,(0)[} =
CI<R
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Taking into account that the functions (6.2.5) and (6.3.10) differ by a
constant, and using (6.3.13), (6.2.7) and (6.3.14), we arrive at (6.2.9). Passing
there to the limit as p | R, we obtain (6.2.10), which together with (6.2.4)
proves the sharpness of the constant in (6.3.12). O

Remark 6.3. We note that a consequence of (5.1.6) is the inequality

1/q
= rm M(R)? — | £(0)]2
{Z lenz"| } < TR [ f(/\il]f(m O (6.3.15)

n=m

with the constant factor in the right-hand side twice as small as in (6.3.12)
and sharp, which can be checked using the sequence of functions given by
(6.3.10) and the limit passage as p | R. Inequality (6.3.15) for ¢ = 1,m =1
with M;(R) <1 was derived by Paulsen, Popescu and Singh [73].

The next assertion refines the inequality

2r

()~ 1O < 5

Rf(0)

resulting from (6.1.1) for analytic functions in Dg with Rf > 0.

Theorem 6.4. Let the function (6.1.3) be analytic with positive Rf on Dg,
and let ¢ >0, m > 1, |z| =r < R. Then the inequality

oo 1/q
" 2r™
{Z |enz q} < YT R (0) (6.3.16)

holds with the sharp constant.

Proof. Setting w = 0 in (6.3.2), with f such that f > 0 in Dy, we obtain

00 1/q gpm
n r
{Z en |q} < oy ®O)

n=m

which leads to (6.3.16) as o T R.
Thus, the sharp constant C(r) in

[e’e) 1/q
{Z |Cn2n|q} < C(r) Rf(0) (6.3.17)

n=m

obeys the estimate (6.3.4).
To show the sharpness of the constant in (6.3.16), consider the family of
analytic functions in Dg
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p 14
h = - 6.3.18
p(2) p—> p+R ( )

depending on the parameter p > R. By (5.4.40), the real part of h, is positive
in Dg. Taking into account that the functions (6.2.5) and (6.3.18) differ by
a constant and using (6.3.17), (6.2.7) and Rh,(0) = R(p+ 1)~*, we arrive at
(6.3.5). Passing there to the limit as p | R, we obtain (6.3.6), which together
with (6.3.4) proves the sharpness of the constant in (6.3.16). O

6.4 Bohr’s type theorems

In this section we collect some corollaries of the theorems in Sect. 3.

Corollary 6.1. Let the function (6.1.3) be analytic on Dg, and let

sup R{e @20 £(()) < o0, (6.4.1)
ICI<R

where arg f(0) is replaced by a real number if f(0) = co = 0.
Then for any g € (0,00], integer m > 1, and |z| < Ry, 4 the inequality

oo 1/q
{Z cnz"P} < sup R{e B F(O)} —|£(0)] (6.4.2)

[CI<R

n=m

holds, where Ry, g = Tm qR, and vy, 4 is the root of the equation 29r™ 4 r9 —
1 =0 in the interval (0,1) if 0 < ¢ < 00, and Ty 0o = 2~ /™. Moreover, R g
is the radius of the largest disk centered at z = 0 in which (6.4.2) takes place
for all f. In particular, (6.1.6) holds.

Proof. Obviously, the condition
2r™
Rm™=1(R1 — ra)1/a st

for the sharp constant in (6.3.1) holds if |2| < R,, 4. Therefore, the disk of
radius R,, 4 centered at z = 0 is the largest disk, where the inequality

oo 1/q
{Z |cnz”|Q} < sup Rf(C) — Rf(0) (6.4.3)

ICI<R

n=m

holds for all f.

Suppose first that f(0) # 0. Setting e~*2#/(0) f in place of f in (6.4.3)
and noting that the coefficients |c,| in the left-hand side of (6.4.3) do not
change, when Rf(0) is replaced by |f(0)| = |co|, we arrive at (6.4.2). In the
case f(0) = c¢o we chose the value « of arg f(0) in such a way that ((6.4.1)
holds, then replace f by fe™ in (6.4.3) and hence arrive at (6.4.2). O
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Inequality (6.4.2) with ¢ =1, m = 1 becomes

D lenz"| < sup R{e eSO F(C)} — [ £(0)] (6.4.4)

ICI<R

n=1

with |z| < R/3, where R/3 is the radius of the largest disk centered at z = 0 in
which (6.4.4) takes place. Note that (6.4.4) is equivalent to a sharp inequality
obtained by Sidon [85] in his proof of Bohr’s theorem and to the inequality
derived by Paulsen, Popescu and Singh [73].

For ¢ = 1,m = 2 inequality (6.4.2) is

> ez < sup R{e IO £()} — 1£(0)], (6.4.5)
(<R

n=2 |

where |z] < R/2 and R/2 is the radius of the largest disk about z = 0 in
which (6.4.5) takes place.

The next assertion follows from Theorem 6.3. For ¢ = 1, m = 1 it contains
Bohr’s inequality (6.1.2).

Corollary 6.2. Let the function (6.1.3) be analytic and bounded on Dg. Then
for any q € (0,00], integer m > 1, and |z| < R, 4 the inequality

oo 1/q
{Z |cnz”|‘J} < sup |f(¢)] = |£(0)] (6.4.6)

ICI<R

n=m

holds, where R,, , is defined in Corollary 6.1. Moreover, Ry, 4 is the radius
of the largest disk centered at z = 0 in which (6.4.6) takes place for all f. In
particular, (6.1.6) holds.

For ¢ = 1,m = 2 inequality (6.4.6) takes the form

leo| + Z lenz™| < sup |f(C)], (6.4.7)
ICI<R

n=2

where |z| < R/2. The value R/2 of the radius of the disk where (6.4.7) holds
cannot be improved. Note that the inequality

o> + ) lenz" < 1, (6.4.8)
n=1

was obtained by Paulsen, Popescu and Singh [73] for functions (6.1.3) satisfy-
ing the condition |f(¢)| < 1in Dg and is valid for |z| < R/2. The value R/2
of the radius of the disk where (6.4.8) holds is sharp. Comparison of (6.4.7)
and (6.4.8) shows that none of these inequalities is a consequence of the other
one.

We conclude this section by an assertion which follows from Theorem 6.4.
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Corollary 6.3. Let the function (6.1.3) be analytic, and R{e=*2&S(0) f1 > 0
on Dg. Then for any q € (0,00], integer m > 1, and |z| < R, 4 the inequality

00 1/q
{Z ann|q} < |£(0)] (6.4.9)

holds, where R, q is the same as in Corollary 6.1. Moreover, R, is the
radius of the largest disk centered at z = 0 in which (6.4.9) takes place for all
f. In particular, (6.1.6) holds.

Note that the inequality (6.4.9) for ¢ = 1,m = 1 with |z| < R/3 was
obtained by Aizenberg, Aytuna and Djakov [3] (see also Aizenberg, Grossman
and Korobeinik [6]).

6.5 Variants and extensions

In this section we generalize Theorems 6.1-6.4 and Corollaries 6.1-6.3 restrict-
ing ourselves to the case ¢ = m = 1. We consider analytic functions f in Dg
with the Taylor expansion

> enla)(z—a)" (6.5.1)

in a neighbourhood of an arbitrary point a € Dp instead of the expension
around z = 0.

The estimate for the rest of the Taylor series around a € Dp follows from
inequality (5.7.2). Its sharpness is demonstrated with the help of the same
families of test functions as in the proof of Theorem 5.1. We use the notation
d, = dist(a,0Dpg) as before.

Theorem 6.5. Let f be analytic on D, and let (6.5.1) be its Taylor expan-
sion in a neighbourhood of a € Dg. Then for any z,|z — a] = r < d, the
inequality

N n 2Rr
nz::l len(a)(z —a)"| < OR—d.)(da=1) Qu(f) (6.5.2)

holds with the best possible constant, where Q.(f) is each of the following
exTPressions:

(i) sup Rf(¢) —Rf(a),

ICI<R

(if) - sup [Rf(Q)| — [Rf(a)],
ICI<R

(iii) sup [f(O)] = [f(a)l,
ISI<R

(iv) Rf(a), if Rf >0 on Dp.
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Proof. 1. Proof of inequality (6.5.2). Let a function f, analytic on Dg be given
by (6.5.1) in a neighbourhood of a € Dy . By 5.7.2,

> = f™)(a 2R = r "
;kn(a)(z—a)ﬂ:;f n!( )‘rng Rir. {nz_:l (R—ra> }Qa(f)
2rR

B (R4+7ra)(R—1re—1) Qalf),

which together with r, = R — d, implies (6.5.2).

2. Sharpness of the constant in (6.5.2). Let C(r,r,) stand for the best
constant in

> len(a)(z — a)"| < C(r,74)Qalf)- (6.5.3)
n=1
We showed in the first part of the proof that

2rR
Clre) S R SR—ra 1)

(6.5.4)

We now derive the reverse inequality in (6.5.4). Let a = r,e'”. Consider the
families f,(2),g,(2), h.(2) of analytic functions in Dg given by (5.7.8). By
(5.7.9)

W — 10 () — 5 ()] — P
7@ =1 @) = I @) = .
which implies
a a he ' (a
LGRS ST SO U] o
—~ nl — nl —~ nl (p—ra)(p—1r4—1)

Combining this with (6.5.3) and (5.7.10)-(5.7.12) we find

r(p+ R)
C(r,ra) > Err)o—ri—1)

Passing here to the limit as p | R, we conclude that

2rR 2rR
COr) 2 R ) R =re =) @R do)(da 1)

which together with (6.5.4) proves sharpness of the constant in (6.5.2). O

From one hand, estimate (6.5.2) is a refinement of Hadamard-Borel-
Carathéodory inequality (1.7.8) for non-concentric circles and its consequences

2Rr
Jnax 11(z) = Ha)l s Gr—asa =

Qa(f)
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with Q,(f) given by (ii)-(iv), from the other hand, (6.5.2) is a generalization
of Theorems 6.1-6.4 with ¢ = 1,m = 1 for any point a € Dg.

The next assertion follows from Theorem 6.5 and is a generalization of
Corollaries 6.1-6.3 with ¢ = m = 1 for the series (6.5.1) with an arbitrary
a € Dg.

Corollary 6.4. Let f be analytic on Dg, and let (6.5.1) be its Taylor expan-
sion in a neighbourhood of a € Dg. Then for any z in the disk

da (2R — dy)
‘Z — a| S ﬂ (655)
the inequality
Y leala)(z = a)"| < N(f) (6.5.6)
n=0

holds, where N'(f) is each of the following expressions:
(i) sup [f(OI,

[CI<R

(ii) sup R{e "™/ f(()},
[CI<R

(iii) sup [R{e @& @ f(()}],
[CI<R

(iv) 2|f(a)|, if R{e "> @D f()} >0 on Dpg.

Moreover, d,(2R — do)/(4R — dg) is the radius of the largest disk centered
at a in which (6.5.6) takes place for all f. Here arg f(a) is a real number if

fla) =¢,(a) = 0.
Proof. Obviously, the condition

2rR
<1
(2R —dy)(dg — 1) —
for the sharp constant in (6.5.2) holds for all r satisfying (6.5.5). Therefore,

the disk of radius dq(2R — d,)/(4R — d,) centered at a € Dp is the largest
disk, where the inequality

S len(a)(z = a)"| < Qu(f) (6.5.7)

holds for all f.

Suppose first that f(a) # 0. Setting e~*28f(®) f in place of f in (6.5.7)
and noting that the coefficients |c,(a)| in the left-hand side of (6.5.7) do not
change, when Rf(a) is replaced by |f(a)| = |co(a)|, we arrive at (6.5.6). In
the case f(0) = co we choose the value a of arg f(0) so that Q,(e™*“f) < oo.
Replacing f by fe~* in (6.5.7), we obtain (6.5.6). O
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Passing to the limit as R — oo in Corollary 6.4, we arrive at the following
Bohr’s type theorem for a half-plane.

Corollary 6.5. Let [ be analytic in a half-plane H C C, and let (6.5.1) be
its Taylor expansion in a neighbourhood of a € H, d, = dist(a, 0H). Then for
any z n the disk

|z —a|l <d./2

the inequality
> leala)(z —a)"| < S(f) (6.5.8)
n=0

holds, where S(f) is each of the following expressions:
(i) sup|f(Q)l,
¢eH

(i) supR{e ">/ f(()},
(el

(iii) sup |§Tﬁ{e_iargf(a)f(C)}|v
¢eH

(iv) 2/f(a)l, if Rf{e **&/@f(()} >0 on H.

Moreover, d, /2 is the radius of the largest disk centered at a in which (6.5.8)
takes place for all f. Here arg f(a) is a real number if f(a) =¢,(a) = 0.
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Estimates for the increment of derivatives of
analytic functions

7.1 Introduction

The present chapter is connected with the contents of Chapters 1 and 3. One
inequality, proved in Chapter 3, intimately relates the questions we address
in this chapter. We mean the inequality which stems from Proposition 3.1:

[£(2) = FO)] < Kop(2)|IRS = cllp- (7.1.1)
Here
Ko p(z) =sup{p(z,a) : 0 < a < 27},
z € Dp, c is an arbitrary real constant, || - ||, denote the L,-norm of a real

valued function on the circle |{| = R, 1 < p < oo, and K,(z,a) is given by
(3.2.2) and (3.2.3).

In this chapter, we generalize (7.1.1) to derivatives of an analytic function
f in Dg. As a consequence, we derive a generalization of the Hadamard-
Borel-Carathéodory inequality (1.1.2) for derivatives as well as analogues of
the Carathéodory and Landau inequalities (5.1.1), (5.1.3) for the increment
of derivatives at zero.

In Section 2 we find a representation for the best constant in the general-
ization of estimate (7.1.1)

117 (2) = F"O)] < Knp(DIIRLS = PonHl, (7.1.2)

where n > 0, P,, is a polynomial of degree m, m < n. From (7.1.2) we obtain
the following estimate with right-hand side containing the best polynomial
approximation of Rf on the circle |(| = R in the L,(0Dg)-norm:

17 (2) = F(0)] < K (2) B p(RS), (7.1.3)

with n > 0.
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Section 3 of this chapter concerns corollaries of inequality (7.1.2) for p = 1.
First, we show that

n![R" T — (R — 7)™t

Kna(z) = 7(R —r)ntiRntl 7

where |z| = r < R. From inequality (7.1.2) with p =1 and m = 0 we deduce
estimates with sharp constants for the increment at zero of derivatives,

- 2nl[R"TY — (R — 7)™+

£ (2) = fM(0)] < sup R{f(¢) — f(0)}, (7.1.4)

(R —r)"tiR" ICl<R

for n > 0, where z is a fixed point of the circle |z| = r < R. As a particular
case, the estimate just mentioned contains the Hadamard-Borel-Carathéodory
inequality (1.1.2). Similar sharp estimates are obtained when the right-hand
side of (7.1.4) contains the expressions

sup {|Rf(Q)[ = [RF(O)},  sup {[F(O)] = [F(O)}

ICI<R ICI<R

in analogues of the Landau inequality, as well as % f(0) provided that R f(¢) >
0 for |{| = R in the analogue of the Carathéodory inequality.

In Section 4 of this chapter, we deduce corollaries of (7.1.3) for p = 2 and
p = oo. In particular, we show that inequality (7.1.3) with p = 2 holds with
the sharp constant

1 r
Kn2(z) = WK”’Q (§> ’
where
i 1/2
nl n\?
sz("}/) _ NCTESRYA) {Z ’72]6 — (1 - 72)2n+1} y
V(1 —42) @t/ k0<k)

and with E, o(Rf) given by (5.5.5).
We note that a corollary of (7.1.3) for p = oo contains estimates for the
modulus of the increment at zero of derivatives of f by

On,5f(0DR) = ,Pei?qg }Om{ffp}(DR),

n

where Ox¢(Dpg) is the oscillation of Rf on the disk Dg.

7.2 Estimate for |Af™ (z)| by ||R{f — Pm}||p- General
case

The main assertion of this section is
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Proposition 7.1. Let f be analytic on Dg with Rf € hy(Dgr), 1 < p < 0.
Further, let n > 0, and let P,, be a polynomial of degree m < n. Then for any
fized point z,|z| = r < R, there holds

1™ (2) = F70)] < Ko ()RS = P}l (7.2.1)

with the sharp constant

1 T
IC’VMP(Z) = R(np+1)/p Kn,p (E) ) (722)
where
1/q
n! o !

Ky, = — sup / S‘E{ e d , (7.2.3
P(’Y) T o { l=1 (C . ’Y)”HC” | C‘ ( )

and 1/p+1/q = 1.
In particular,

[f™(2) = FT0)] < Knp(2) En p(RS)- (7.2.4)
Proof. By Lemma 5.1 and notation (5.2.5), we have

A (2)] = %sup /g_R {Gn2a(Q) = GroalO} RFQ) Il (725)

«

Using (7.2.5), we arrive at the formula

n!
ICTMD(Z) = ﬁ sup Hgn,z,a - gn,O,a”q (726)

for the sharp constant I, ,(2) in
£ (2) = FT(0)] < K (2) IR (7.2.7)
In view of (5.2.5), representation (7.2.6) can be written as
3 e (-
K p(2) = —sup / %{ e
p( ) TR 3 { €|=R (5 _ Z)n+1§n

where the case p = 1 (¢ = o0) is understood in the sense of passage to the
limit.

q 1/q
d§|} , (7.2.8)

Suppose 1 < p < co. Setting z = re'”, £ = Re, vy =r/Rand ¢ =t — 7 in

(7.2.8), we obtain
n! 2741 aq /4
Knp(z) = ﬁ Slép {/ Rdt}
q 1/q
dcp} .

n 2
= ZRwt1)/p St;p /0

i(n+1 A iT\n+1
R e )

(eit _ ,yei‘r)n+an eint

R elntle — (ei@ - 7)n+1 ei(ﬁfn‘r)
(eitp _ ,y)n—&-leingo
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Putting here o = 3 — n7 and using 27-periodicity of the resulting function in
«, we find

1 r
Knp(2) = Rwp+1)/p Ko p (E) ’

n!
Ko p(y) = = sup /
g T a <=1

q 1/q
|d¢ |} )
which proves (7.2.2) and (7.2.3).
Replacing f by f — P, with m < n in (7.2.7), we arrive at inequality
(7.2.1), which leads to (7.2.4). O

¢t — (¢ —y)nt? ia}
w{ e e

7.3 The case p = 1 and its corollaries

7.3.1 Explicit estimate in the case p =1

In this section we obtain an explicit representation for the sharp constant in
(7.2.1) for p = 1 and derive some corollaries. In particular, the next assertion
contains an explicit formula for K, 1(2).

Corollary 7.1. Let f be analytic on Dg with Rf € hi(Dg). Further, let
n > 0, and let P, be a polynomial of degree m < n. Then for any fixed point
z,|z| = r < R, there holds

11 (2) = FT(0)] < Kt (2)[[R{S = P}l (7.3.1)

with the sharp constant

Ko (2) = n![R" — (R — r)" Tl

; 7(R — r)nti R+l (7.32)

In particular,
1F"(z) = F0)] < K (2) Eaa (RS). (7.3.3)

Proof. Inequalities (7.3.1) and (7.3.3) follow as particular cases from Propo-
sition 7.1. Representation (7.2.6) for p = 1 can be written as

| n+1 _ _ n+1l
" %{C (€—2) em}‘ (7.3.4)

K = —sup s
n1(2) WRt?KE;

(€ —z)mticn

Permutating the suprema in (7.3.4), we obtain the equality
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n ¢ (=
Kni(z —— sup sup §R{ e’
1( ) TR CI=R o (C _ Z)nJrlCn
n! Cn+1 _ (C _ Z)n+1
= — sup . 7.3.5
- 7R cl=r| (C—z)"ti¢n ( )
On one hand, (7.3.5) implies
n! " —I¢ = 2" nl[RMT — (R — )]
K > — > . (7.3.6
n,1(2) R \?lupR I —z[»tel» = w(R—r)rHiRAH ( )
On the other hand, (7.3.5) gives
n! ¢\
n =0 1-
usle) = s o 1 ()
n k
n! ¢ ( ¢ )
= sup |1 —
TR 2R (—=z kZ:O -2z
n! \C|k
<
= Rt |<| r |C*Z| Z “1¢—
From the last inequality it follows
n
RF nl[R*T1 — (R — r)"H!
e Sy . i sl
TR R — 1) &= (R —7) (R —r)"t1RnT
which together with (7.3.6) proves the equality (7.3.2). O

7.3.2 Hadamard-Borel-Carathéodory type inequality for
derivatives

The estimate for |f(™)(z) — " (0)| with n > 0 below contains the value
sup Rf(C) — Rf(0)
I<I<R

in the right-hand side and generalizes the Hadamard-Borel-Carathéodory in-
equality (1.1.2) for derivatives. In particular, for n = 0 that inequality coin-
cides with (1.1.2).

Corollary 7.2. Let f be analytic on Dgr with Rf bounded from above. Then
for any fized z,|z| = r < R, the inequality

! Rn+1_ R — n+1
n{(R_T)ELHR:) }|?u<pRMf(O (7.3.7)

|F™(2) — (0] <

holds with the best constant, where n > 0.
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Proof. By Corollary 7.1,

n n '[ n+1_( B )n—i—l]
|f( )(2) —f( )(0)| < = :T)(p_r)fﬂptlﬂ

where p € (r, R), w is a real constant and n > 0.
We set
w=As(R) = sup Rf(C)
ICI<R

in (7.3.8). Taking into account (5.4.8), we arrive at

(n) () _ ¢(n) 2n![p"tt — (p — )"t
FrEmronE (p—r)"*1p™  i<r

Passing to the limit as p 1 R in the last inequality, we obtain (7.3.7).

[IRf —wllz,oD,);

sup RAS(C).

(7.3.8)

Now, we show that the constant in (7.3.7) is sharp. Consider the family of

analytic functions on Dg

¢
z—&

where £ is a complex parameter, |¢| > R.

fe(z) =

(7.3.9)

Let n be a nonnegative integer. The function f¢(z) defined by (7.3.9) sat-

isfies
O (R

|§ — z["*HHE]m

Fixing z = re® in Dy and putting & = pe’, this becomes

il = (p— 1)
(P _ ,r)n+1pn

118 (2) = £(0)] =

115 (2) = 17(0)] =

Let K,,(2) be the best constant in

177 (2) = F(0)] < Kn(2) sup RAS(Q).
CI<R

As shown above,

2n! {R"""l —(R- 7")"+1}
Kn(z) < (R —r)n+iRn )

By (7.3.12),

100 = {001 < Ka(2) masx RAFE(C).

which together with (5.4.12), (7.3.11) implies

nl[p" ™ = (p—r)"')(p + R)
Kn(z) > (p—r)"t1pnR ’

(7.3.10)

(7.3.11)

(7.3.12)

(7.3.13)
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Passing here to the limit as p | R, we obtain

ot {R™ — (R r)1)
>
’Cn(z) = (R . T)n-{—an ’

which, along with (7.3.13), proves the sharpness of the constant in the in-
equality (7.3.7). O

Observe also that replacing f by —f in (7.3.7), we deduce the inequality

2R = (R AL FO) (7.3.14)

() () — $ (o
|f (Z) f ( )‘ S (R—?“)"+1Rn ICI<R

for analytic functions f on Dgi with Rf bounded from below, where n > 0.
Uunlike (7.3.7) with

Af(R) = sup RAS(C) = sup Rf(C) —Rf(0)

ICI<r ICI<Rr

in the right-hand side, inequality (7.3.14) contains the expression

B;(R) = sup RA{—f({)} = Rf(0) — inf Rf(C).
[CI<R [CI<R

Unifying (7.3.7) with (7.3.14), we arrive at the estimate

20! { R — (R — r)n+1)

M) () _ #(n)
70 = 1O < TS g

min {Af(R),By(R)}
for analytic functions f on Dy with bounded R f, where n > 0.

7.3.3 Landau type inequalities

The following assertion contains a sharp estimate for |f(™)(z) — £ (0)| with

sup [Rf(Q)] — [Rf(0)]

ICI<r

in the right-hand side. The estimate below is similar to the Landau inequality
(5.1.3).

Corollary 7.3. Let f be analytic on Dy with bounded Rf. Then for any fixed
z,|z| =7 < R, the inequality

2R - (R} ARAO] (7.3.15)

M) — ()
50 = 100 < T

holds with the best constant, where n > 0.
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Proof. Setting

w=TRg(R) = sup |Rf(C)
<I<R

in (7.3.8) and taking into account (5.4.19), we arrive at

2n! {p"Jrl —(p— r)”+1}
R

Passage to the limit as p T R in the last inequality implies

1™ (2) — M (0)] < {R(R) — Rf(0)}.

2n! {R”+1 —(R—- r)"“}
(R —r)"t1Rn

1™ (z) — F™(0)] < {Rf(R) —Rf(0)}. (7.3.16)

Replacing f by —f in (7.3.16), we have

2n! {R"*! — (R —r)"*!}

n _ f(n)
|f( )(Z) f (0)| S (Rir)njthn

{Rf(R) +Rf(0)},

which together with (7.3.16) implies (7.3.15).

Let us show that the constant in (7.3.15) is sharp. We introduce the family
of analytic functions in Dg

2
ge(z) = . ff + €|2|£_| T2 (7.3.17)

depending on a complex parameter £ = pe'™, p > R.

Let z = re' be a fixed point, » < R, and let ¢ = pe. Taking into account
that the functions (7.3.9) and (7.3.17) differ by a constant, for any nonnegative
integer n by (7.3.11) we have

n| n+1l —r n+1
197 (2) — g8 (0)] = L (p—r§5+1p2 § (7.3.18)

By K,.(z) we denote the best constant in

1FM(2) = F™(0)] < Kn(2){Rs(R) — |RF(0)]}. (7.3.19)

As shown above,

o < 2R (R

< (T (7.3.20)

By (7.3.19),

195 (2) = g (0)] < Kn(2){Ry (R) — [Rge(0)]},

which together with (5.4.26), (7.3.18) implies
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nllp"™ = (p—r)"(p+ R)

>
/Cn(z) = (p—r)"t1pnR

Passing to the limit as p | R in the last inequality, we obtain

2n! {R" ! — (R — )"}
Kn(z) > (R — r)nt1Rn ’

which, along with (7.3.20), proves the sharpness of the constant in (7.3.15). O

The assertion below contains a sharp estimate of | f(™)(z) — (™) (0)| with

sup | f(¢)] = 1/(0)]

ICI<R

in the right-hand side. This estimate is closely related to the Landau inequality
(5.1.3).

Corollary 7.4. Let f be analytic and bounded on Dg. Then for any fized
z,|z| = r < R, the sharp inequality

20! {R"™ — (R —r)"*'} sup A|£(Q)] (7.3.21)

M) — ()
50 = 100 < T

forn > 0.

Proof. Setting
w = M;(R) = sup |f(C)]

ICI<R

in (7.3.8) and taking into account (5.4.30), we arrive at

2n! {p" T = (p—r)" T}
(p —r)ntipn

Passing to the limit as p T R in the last inequality, we obtain

|F™(2) — (0] < {M(R) - Rf(0)}.

< 2n! {R"‘H —(R—- r)”‘“}

|f(n) (Z) - f(n)(0)| (R _ T)nJran

{M4(R) — RF(0)}. (7.3.22)

Replacing f by fe'® this becomes

2n! {R™! — (R —r)"*1}

(n) () _ f(n)
7 = P00 < T

{M(R) = R(f(0)e™)},

which due to the arbitrariness of « implies (7.3.21).
We check that the constant in (7.3.21) is sharp. Let n be a nonnegative
integer and let /C,,(2) denote the sharp constant in
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1F™ () = F(0)] < Kau(2) {IM(R) = |£(0)]} (7.3.23)
As shown above,

on! {Rn+1 _ (R _ ’I“)"+1}

Kn(z) < CEDTEy (7.3.24)
A particular case of (7.3.23) is
195 (2) = g (0)] < Kn(2) { My (R) — |9 (0)]} (7.3.25)

where g¢(z) is the analytic function defined by (7.3.17). For any fixed z =
re't,r < R, and £ = pe' by (5.4.34), (7.3.18), and (7.3.25) we have

nt {p"* = (p—r)""} (p+ R)
(p—r)"+1p"R '

Kn(z) >

Passing to the limit as p | R in the last inequality, we obtain

2n! {R" ! — (R — )"}
>
’Cm(z) = (R—’I‘)"J’_an ’

which, along with (7.3.24), proves the sharpness of the constant in the in-
equality (7.3.21). O

7.3.4 Carathéodory type inequality

The following assertion contains an estimate for |f(™(z) — f((0)| by Rf(0)
under the assumption that Rf(¢) > 0 for || < R. This estimate is closely
related to the Carathéodory inequality (5.1.1).

Corollary 7.5. Let f be analytic with Rf(¢) > 0 on the disk Dr. Then for

any fized z,|z| = r < R, the inequality

2nl { R+ — (R — 7)1}
(R—r)"tIR"

1F™(z) = F™(0)] < Rf(0) (7.3.26)

holds with the best constant, where n > 0.
Proof. Suppose Rf(¢) > 0 for |¢| < R. We put w =0 in (7.3.8). Since
R f[|z,op,) = 2mp Rf(0),

it follows from (7.3.8) that

2n! {p" ! = (p—r)" T}
W) () )
1) - f) < T

R1(0),
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where n > 0. Passing to the limit as p T R in the last inequality, we arrive at
(7.3.26).
We now prove that the constant in (7.3.26) is sharp. Introduce the family
of analytic functions
3 iq

E—z [{+R

which depend on the complex parameter & = pe'”, p > R. By (5.4.40),
Rhe(¢) > 0, for |(] = R.

Let z = re' be a fixed point, r < R, and let £ = pe’®. Taking into account
that functions (7.3.9) and (7.3.27) differ by a constant, for any nonnegative
integer n by (7.3.11) we have

he(2) =

(7.3.27)

[~ (p— )]
h{ (z) = h{(0)] = 2 7.3.28
) =) = (7.3.29)
By K, (%) we denote the sharp constant in

£ (2) = F™(0)] < Kn(2)RS(0). (7.3.29)
As shown above,

2n! Rn+1_ R — n+1
Kn(z) < { (R—r)} (7.3.30)

= (R —r)n+1Rn
By (7.3.29),
B (2) = h{(0)] < Ko (2)Rhe (0),
Hence, by (5.4.41), (7.3.28)

nt {p"* = (p—r)""} (p+ R)
(p—r)"+1p™R '

Kn(z) >

Passing to the limit as p | R, we obtain

2n! {R"Jrl —(R- r)”“}
Kn(z) > (R —r)nt1Rn ’

which, along with (7.3.30), proves the sharpness of the constant in the in-
equality (7.3.26). O

7.4 The cases p =2 and p = o©

The next assertion is a particular case of Proposition 7.1 for p = 2.
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Corollary 7.6. Let f be analytic on Dr with Rf € ho(Dg). Further, let
n >0, and let P, be a polynomial of degree m < n. Then for any fixed point
z,|z| = r < R, there holds

£ (2) = F7(0)] < K2 ()RS — P }2, (7.4.1)

with the sharp constant

1 r
Kn2(z) = WKn,Q (E) ) (7.4.2)
where
n 1/2
Knp2(7) = - {Z - 72)2"“} . (7.4.3)
N (2 +1)/2 — ( )
In particular,

£ (2) = F(0)] < Ko 2(2) Ena(RF), (7.4.4)

where

(k)
B,a(Rf) = H {f Zf }

n k) (2 p2k ) 2
={||%f—%f(0)||§—wRZ|f((kO!))|23} .

k=1

Here the sum in k from 1 to n is assumed to vanish for n = 0.

Proof. Consider the integral in (7.2.3) for p = 2. Putting ¢ = 1/ there, we
obtain

[
I¢l=1

|d¢]

{C”“ —(C=p)! } i
(C—)rrier

nil — (1 — n+l] 2

- /|5|—1 %{5 [ (1 —( vﬁ)zi }em} d¢f,  (7.4.5)

where vy =7/R < 1 and « is a real parameter. Similarly,
n n 2
[ p(Eary
¢l=1 (€ —y)nFign
_ o [EML— (L= L, 2
B /|§|_1 > { (1 — ~&)n 1 ¢ } (7.4.6)
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The function

nfl — (1 — n+17 |
R e EEE?

analytic in the disk |¢] < v, satisfies (5.5.8) for p = 0. Therefore, the equality

/ " [Ry(pe))2d0 = / [Sg(pe)2av
0 0

holds for p = 1, which together with (7.2.3) for p = 2 and (7.4.5), (7.4.6) leads

to
1/2
RO CO R St ) ol
Kn,Q(’Y) - ? {2 /{_1 |C — ’Y|2(n+1) |dC|} .

By straightforward calculations it is easily shown that
n! )1

C n+1 2
w585 [ ()

n! |1 ¢\ 1 1/2
ﬂ{2/|<|-1<”§’?<<—7> *m—wmm)'d“} -

Now, taking into account the equality

C n+1 1 Cn
R —— =R< = —_ =27
/|<|—1 (C - 7) dc] { 1 /4—1 (C—y)ntt dC} ’

and (5.5.10), we arrive at

n 1/2
_ n! Z n\? ok 2\2n+1
Kn72(7> - ﬁ(l _ 72)(2n+1)/2 { (k.) Y - (1 - ) n 3

1/2

|d¢]

which together with (7.2.2) for p = 2 results at (7.4.2), (7.4.3).
The formula for E, 2(Rf) stated in Corollary 7.6 was obtained in Corol-
lary 5.7. O

Remark 7.1. For n = 0, inequalities (7.4.1) and (7.4.4) were obtained in pre-
vious chapters (see (3.3.5) and (2.3.5), respectively).

For p = oo inequality (7.2.4) can be written in terms of O, »s(Dr) which
is the infimum of the oscillation of Rf(() — RP(¢) on the disk Dp taken over
the set {3,,} of polynomials P of degree at most n. The next assertion follows
from Proposition 7.1 for p = oo and can be proved in the same manner as
Corollary 5.13.
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Corollary 7.11. Let f be analytic on Dg with bounded Rf, and let n > 0.

Then for any fized point z,|z| = r < R, the inequality

1) = FPO)] € $Knse(2)On s (D)

holds with the sharp constant

Knoel2) = 2 Ko ()

where

n!
Kn,OO('Y) = *SUP/ R |dd
[¢]=1

T «

{Cnﬂ —((—y)"t! eia}
(€ —y)tigr

Remark 7.2. Note that the sharp inequality (3.4.23)

1 R+r
|Af(2)] < p logﬁ Oy (Dr)

is a particular case of (7.4.7) for n = 0.

(7.4.7)
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